FANO THREEFOLDS WITH CANONICAL GORENSTEIN SINGULARITIES AND BIG 

DEGREE 



ILYA KARZHEMANOV 



Abstract. We provide a complete classification of Fano threefolds X with canonical Gorenstein singularities such 
that (-Kx f ^ 64. 



1. Introduction 

Let X be a Fano threefold with canonical Gorenstein singularities. Then for the anticanonical degree 
{—Kx)^ of X the following result holds: 



Theorem 1.1 (see [32l Theorem 1.5]). {-Kxf ^ 72 with equality only for X = P(3, 1,1,1 



or 

,4,1,1). - ^ 
On the other hand, we have 
Theorem 1.2 (see [191 Theorem 1.5]). //64 < {—Kx)"^ < 72, then X is one of the following: 

• Xjo : the image of the anticanonically embedded threefold P(6, 4, 1, 1) C P^^ under birational pro- 
jection from a singular cDV point on P(6, 4, 1, 1). In this case {—KxY — 70 and the singularities 
of X are non-cDV; 

• Xqq : the anticanonical image of the ¥'^-bundle P(C'pi (5) © Opi (2) © Opi). In this case {—Kx)'^ = 
66 and the singularities of X are non-cDV. 

The aim of the present paper is to classify those Fano threefolds X with {—Kx)^ = 64. It follows from 
|14j and [TJ] that for such non-singular X the only possibility is X = P^. There are more examples in 
the singular case: 

Example 1.3. Consider the weighted projective space X := P(4, 2, 1, 1). The singular locus of X consists 
of the curve L ~ P^ with the point P ^ L such that {P G X) is the singularity of type —(2, 1, 1) and for 

every point O G L\{P} singularity (O G X) is analytically isomorphic to ((0, o) G C x U), where (o G U) 

1 

is the singularity of type —(1, 1) (see \12\ 5.15]). Then Theorem 3.1 and Remark 3.2 in [35] imply that 

the singularities of X are canonical and Gorenstein. On the other hand, we have Ox{—Kx) ~ Cx(8) 
(see [U Theorem 3.3.4]), which implies that the divisor —Kx is ample. Thus, X is a Fano threefold with 
canonical Gorenstein singularities. Furthermore, we have {—KxY — 64 (see [5]). Note that P(4, 2, 1,1) 
is the unique weighted projective space which is a singular Fano threefold with canonical Gorenstein 
singularities and of the anticanonical degree 64 (see [31] ) . 

Example 1.4. Let X C P^ be the cone over the anticanonically embedded surface 5 := P^ x P^. Let 
/ : y — ^ X be the blow up of the vertex on X. Then Y = ¥{Os © Os{-Ks)) and / is the birational 
contraction of the negative section of the P^-bundle Y . From the relative Euler exact sequence we 
obtain that —Ky ~ 2M, where Oy{M) ~ C'y(l) is the tautological sheaf on Y (see for example |28t 
Proposition 4.26]). On the other hand, / is given by the linear system |M|, which implies that Y is 
a weak Fano threefold such that Ky = f*{Kx)- In particular, X is a Fano threefold with canonical 
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Gorenstein singularities (see [20] )• Moreover, from the Hirsch formula (see for example [8]) we get that 
{-Kxf = {-Kyf = 64. Note also that X is toric. 

Example 1.5. Let X C he the cone over the anticanonically embedded surface 5 := Fi (note that 
the divisor —Ks is ample on S by the Kleiman's criterion for ampleness (see for example pT| Theorem 
0-1-2]), and since S" is a non-singular toric surface, this divisor is very ample (see for example [6])). Let 
/ : Y — > X be the blow up of the vertex on X. Then Y = ¥{Os © C's(-i^s)) and / is the birational 
contraction of the negative section of the P^-bundle Y. As in Example 11.41 we obtain that y is a weak 
Fano threefold such that Ky = f*{Kx) and {—Ky)^ = 64, which implies that X is a Fano threefold with 
canonical Gorenstein singularities such that {—Kx)'^ = 64. Note also that X is toric. 

Remark 1.6. It is not difficult to see that the singularities of the Fano threefolds from Examples ll.3f[L5] 
are non-terminal. On the other hand. Theorem 13.161 in Section [3] below implies that is the unique 
Fano threefold having terminal Gorenstein singularities and anticanonical degree 64. 

Let us now state the main result of the present paper: 

Theorem 1.7. If {—Kx)^ = 64, then X is one of the following: 

• the cone from Example \1.4\ 

• the cone from Example \1.5[ 

• the image of the anticanonically embedded threefold P(3, 1, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(3, 1, 1, 1); 

• the image of the anticanonically embedded threefold P(6,4, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(6,4, 1, 1); 

• the image of the anticanonically embedded threefold Xqq C P^^ under birational projection from a 
singular cDV point on Xqq . 

Moreover, in all cases the singularities of X are non-cDV, with the only exception for X = P'^. 

Thus, Theorems 11.11 [L2] and [TTtI exhaust all the Fano threefolds with canonical Gorenstein singularities 
having anticanonical degree ^ 64. 

Remark 1.8. Except for P^ and the cones from Examples 11.41 11-51 some of the threefolds from Theo- 
rem [LT] may be isomorphic, since there are exactly five toric Fano threefolds having canonical Gorenstein 
singularities and anticanonical degree 64 (see |25j). It is interesting to investigate which of the threefolds 
from Theorem 11.71 are isomorphic to P(4, 2, 1, 1). 

The proof of Theorem 1 1 . 71 relies on the methods developed in [32] and [19] to prove Theorems 1 1 . 1 1 and 
11.21 respectively. In the present paper, for our convenience, we reproduce the proof of Theorem 1 1.2 1 adding 
minor corrections and technical improvements (see Sections HHZ]) . We prove Theorem 11.71 in Section [8l 
In Sections [2] and [3] we fix the notation which is used in the paper, and provide some preliminary results 
and conventions. 

I would like to thank I. A. Cheltsov and Yu. G. Prokhorov for helpful discussions and the for initiating 
my work on the problem. 

2. Notation and conventions 

We use standard notions and facts from the theory of minimal models and singularities of pairs (see for 
example [21] , [21] and [23] ) . We also use standard notions and facts from the theory of algebraic varieties 
and schemes (see for example p^). All algebraic varieties are assumed to be projective and defined over 
C. Morphisms between algebraic varieties are assumed to be projective. A point on algebraic variety 
means a closed point. 
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Let us fix some notation and notions which we will use throughout the paper (see [TO], [23], |24j ) : 

• the linear equivalence of two Weil divisors Di, D2 on normal algebraic variety V is denoted by 
Di D2. The Picard group of V is denoted by Pic{V); 

• Sing(y) denotes the singular locus of algebraic variety V. The analytic germ of point O on y is 
denoted by {O eV); 

• for a Q-Cartier divisor L (respectively, linear system C) and an algebraic cycle Z on normal 
algebraic variety V, the restriction of L (respectively, of £) to Z is denoted by (respectively, 
jC|^). For algebraic cycles Zi,...,Zf^ on V, the intersection of Zj in the Chow group of V is 
denoted by {Zi ■ . . . ■ Zk)v, k G'N; 

• the numerical equivalence of two Q-Cartier divisors Li, L2 (respectively, 1-cycles Zi, Z2) on 
normal algebraic variety V is denoted by Li = L2 (respectively, Zi = Z2). The Picard number 
of V is denoted by p{V); 

• a normal algebraic variety V is called a Fano variety (respectively, a weak Fano variety) if it has at 
most canonical Gorenstein singularities and the anticanonical divisor —Ky is ample (respectively, 
nef and big). For V we put {—Ky)^ := —{Ky)y to be the anticanonical degree of V; 

• for a Weil divisor D on normal algebraic variety V, the corresponding divisorial sheaf is denoted 



• for a vector bundle £ on non-singular algebraic variety V, the associated projective bundle is 
denoted by F{£) and the i-th Chern class of £ is denoted by Ci{£)] 

• for a coherent sheaf on algebraic variety V, the i-th cohomology group of J- is denoted by 
W{V,J-) and the Euler characteristic of J- is denoted by x{^^^)i 

• for a Cartier divisor L on normal algebraic variety V , the corresponding complete linear system 
is denoted by \L\. For a linear system C on V , the base locus of C is denoted by Bs(>C). If C does 
not have base components, then the corresponding rational map is denoted by 

• for a birational map x • ""^ ^ between normal algebraic varieties and an algebraic cycle 
Z (respectively, linear system C) on V , the proper transform of Z (respectively, of C) on V' is 
denoted by x^H^) (respectively, by x^H^)); 

• for a rational map x from algebraic variety V and a subvariety Z C V, the restriction of x to Z 
is denoted by x\z' 

• k(I^) denotes the Kodaira dimension of a normal algebraic variety V; 

• for a toric variety the torus (C*)'^™^ with canonical action on V is denoted by T; 

• F„ denotes the Hirzebruch surface with a fibre / and the minimal section h such that {h ) 
n G Z^o- 

3. Preliminaries 

Let X be a Fano threefold. From the Riemann~Roch Formula (see [37| ) and Kawamata-Viehweg 
Vanishing Theorem (see for example [21]) we obtain 



The number g := —-Kx + 1 is integer and is called the genus of X. We have dim | — Kx\ = g + I and 
{—Kx)^ = 2g — 2. In what follows we consider only such X that {—Kx)^ ^ 64. In particular, we have 



hy Ov{D); 



dim I — Kx 




+ 2. 
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Theorem 3.2 (see [IT]). //Bs| -Kx\i^^, then {-Kxf ^ 22. 

Thus, the anticanonical Unear system | — Kx\ is base point free on X. Consider the morphism 

Theorem 3.3 (see [Ml Theorem 1.5]). If^\_Kx\ ^-^ '^''^ embedding, then {—Kx)'^ ^ 40. 

Theorem 3.4 (see |34l Theorem 1.6]). If ^\_kx\ embedding and ^^^^^^{X) is not an intersection 

of quadrics, then (—Kx)'^ ^ 54. 

From Theorems I3.2f[3^ we get 

Corollary 3.5. The linear system \ —Kx \ gives an embedding of X in P3+^ such that the image X2g-2 '■= 
^l_K^l(X) is an intersection of quadrics. 

In what follows, we assume that X = ^23-2 C F^^^ is anticanonically embedded. 

Proposition 3.6 (see for example [24]). Let V be a normal algebraic threefold with canonical singularities. 
Then there exists a normal algebraic threefold V with terminal Q-factorial singularities and birational 
morphism r : V' — > V such that Kyi = t*{Kv). 

Threefold V (or morphism r) from Proposition 13.61 is called a terminal Q-factorial modification of V. 
Now, let / : y — > X be the terminal Q-factorial modification of X. Here y is a weak Fano threefold 
with terminal Gorenstein Q-factorial singularities such that {—Kx)^ = {—Ky)'^. Moreover, according to 
\20\ Lemma 5.1], Y is factorial. 

Remark 3.7. Conversely, for every weak Fano threefold Y with terminal factorial singularities its image 
X := f{Y) under the morphism / := (P\_„i^y\ for some n E N is a Fano threefold such that Ky = f*{Kx). 
In particular, X has only canonical Gorenstein singularities (see [20]). 

Remark 3.8. It follows from |16t Proposition 2.1.2] that Ky = f*{Kx). This implies, since Oxi—Kx) — 
C'x(l)) that the anticanonical linear system | — Ky\ is base point free on Y. 

Remark 3.9. Let Y, Y' be two terminal Q-factorial modifications of X. Then, since Y and Y' are relative 
minimal models over X (see the proof of Proposition 13.61 in [24]), by [221 Theorem 4.3] birational map 
Y Y' is either an isomorphism or a composition of Ky-Rops over X. In particular, it follows from 
[221 Theorem 2.4] that if Y is non-singular, then Y' is also non-singular. 

Proposition 3.10 (see [32, Lemmas 4.2 and 4.3]). In the above notations, the Mori cone NE{Y) is 
polyhedral and is generated by contractible extremal rays Ri (i.e., there exists a morphism fa- : Y — > Y' 
onto a normal algebraic threefold Y' such that the curve Z CY is mapped by fn. to a point iff [Z] G Ri 
for the numerical class of Z). 

Remark 3.11. li X ^ Y , then Proposition 13.101 implies that —Ky determines a facet of the Mori cone 
NE(Y) and / : Y — > X is its extremal contraction. In particular, p{Y) > p{X) and X is uniquely 
determined by Y . 

Birational contractions / : Y — > X from Examples 11.41 and 11.51 are precisely the terminal Q-factorial 
modifications. Let us consider some other examples: 

Example 3.12. Let X C be the cone over the anticanonically embedded surface P^. Let / : Y — > X 
be the blow up of the vertex on X. Then Y = P(Op2 0^2(3)) and / is the birational contraction of 
the negative section of the P^-bundle Y . From the relative Euler exact sequence we obtain —Ky ~ 2M, 
where Oy{M) ~ Oy{\) is the tautological sheaf on Y (see for example |28t Proposition 4.26]). On the 
other hand, / is given by the linear system |M|, which implies that y is a weak Fano threefold such 
that Ky = f*{Kx). In particular, X is a Fano threefold with canonical Gorenstein singularities and 
/ : y — > X is its terminal Q-factorial modification (see Remark 13. 7p . Furthermore, it follows from the 
proof of TheoremOin [32] that X ~ P(3, 1, 1, 1). 
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Remark 3.13. In the notation from Example 13.121 the morphism / is an extremal birational contraction 
with exceptional locus isomorphic to (see also Remark 13. lip . This implies that there are no small 
JTy-trivial extremal contractions on Y. Then it follows from Remark 13.91 that every terminal Q-factorial 
modification of the threefold P(3, 1, 1, 1) is isomorphic to Y. 

Example 3.14. Consider the weighted projective space X := P(6,4, 1, 1). The singular locus of X is a 
curve L ~ such that for two points P and Q on L singularities {P € X) and {Q G X) are of type 

-(4, 1, 1) and -(2, 1, 1), respectively, and for every point O G L \ {P} singularity (O G X) is analytically 
6 4 ^ 

isomorphic to ((0,o) G C x U), where (o G U) is the singularity of type -{1,1) (see |T2l 5.15]). Then 

Theorem 3.1 and Remark 3.2 in [35] imply that the singularities of X are canonical and Gorenstein. On 
the other hand, we have Ox{—Kx) — C'x(12) (see [U Theorem 3.3.4]), which implies that the divisor 
—Kx is ample. Thus, X is a Fano threefold with canonical Gorenstein singularities (see Theorem I l.ip . 

Let /i : Yi — > X := Yq he the weighted blow up of the point P with weights —(4, 1, 1). Then the 

6 

singular locus of the threefold Yi is a curve Li such that for two points Pi and Qi on Li singularities 
(Pi G Yi) and {Qi G Yi) are of type -(2, 1, 1) and for every point O G Li \ {Pi, Qi} singularity (O G Yi) 

is analytically isomorphic to ((0, o) G C x [/), where (o G U) is the singularity of type —(1, 1). 

Let /2 : Y2 — > Yi be the weighted blow up of the points Pi and Qi with weights -(2, 1, 1). Then 
the singular locus of the threefold Y2 is a curve L2 — such that for every point O on L2 singularity 
(O G Y2) is analytically isomorphic to ((0, o) G C x U), where (o G U) is the singularity of type —(1, 1). 

Finally, the blow up : Y3 — > Y2 of the curve L2 on Y2 leads to a non-singular threefold y := I3 and 
a birational morphism / : Y — > X. By construction we have iCy. = /*(iry._j) and / is the composition 
of /j, 1 ^ i ^ 3. This implies that Ky = f*{Kx) and y is a terminal Q-factorial modification of X. 

Remark 3.15. In the notation from Example 13. 141 the morphism / is a composition of extremal birational 
contractions (see Remark 13. lip and the exceptional locus of / has pure codimension 1 on Y . This implies 
that there are no small ii'y -trivial extremal contractions on Y . Then it follows from Remark 13.91 that 
every terminal Q-factorial modification of the threefold P(6,4, 1, 1) is isomorphic to Y . 

Now, let ext : Y — > Y' be a -R'y-negative extremal contraction (see Proposition 13.10"]) . Then the 
following results take place: 

Theorem 3.16. Let V he a Fano threefold with terminal Gorenstein singularities. Then there exists a 
flat deformation of V into non-singular Fano threefold, which implies that {—Ky)^ ^ 64. Moreover, if 
{-Kv f = 64, then F = P^. 

Proof. By the main result in [30j there exists a flat morphism i : V — > A, where A 9 is the unit disk in 
C, such that r^{Q) ~ V and Vt := L~^it) is a non-singular Fano threefold for all 7^ t G A. In particular, 
the results of [H] and [E] imply that {-Ky)^ ^ 64. 

Further, it follows from the proof of Theorem 1.4 in [18] that for every 7^ t G A there exists an 
isomorphism ip : Pic(y) ~ Pic(Vt) such that ip{Kv) = Now, suppose that {—KyY = 64. Then 

{-Kv,f = 64, and the results of [H] and [l5] imply that Vt ~ P^ for ah 7^ t G A. Mor cover, the above 
isomorphism ip implies equalities riV) = r{Vt) = 4 for the Fano indexes of V and Vt for all t G A, since 
Pic(y) ~ Pic(T4) ~ Z. Then by [T6l, Theorem 3.1.14] we have F = P^. □ 

Thus, if dimy' = 0, then X = Y , and Theorem 13.161 implies that {—Kx)"^ ^ 64 with equality only for 
X = P3. 

Theorem 3.17 (see [32l Proposition 4.11]). //dimy' = 1, i.e., ext : Y — > Y' is a del Pezzo fibration, 
then {-Kxf ^ 54. 
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Theorem 3.18 (see |32^ Proposition 5.2]). If dim Y' = 2, i.e., ext : Y — > Y' is a conic bundle, then we 
have: 

• Y' is a non-singular surface such that the divisor —Ky is nef and big; 

• if ext : Y — > Y' is not a -bundle, then {-Kx )^ < 54; 

• i/ext : y — >Y' is a F^-bundle, then either {-Kxf ^ 64 or {-Kxf = 72 with X ~ P(3, 1, 1, 1). 

Theorem 3.19. If ext is the birational morphism, then we have: 

• ext is divisorial with exceptional divisor E; 

• if O := ext(E) is a point, then ext is the blow up ofY' at O. Furthermore, the threefold Y' is 
a weak Fano threefold with terminal singularities such that {—Ky')^ > {—Ky)^- Moreover, Y' is 
factorial except for the case when E ~ P^, Oe{E) ~ Op2(2) and {O S Y') is the singularity of 

type -(1,1,1); 

• if C := ext{E) is a curve, then Y' is non-singular near C, the curve C is reduced and irreducible 
and ext is the blow up of Y' at C. 

Proof. The statement foUows from [3], [27] and the equality 

Ky ^ ext* (Ky) + aE 

on Y for some positive a G Q. □ 

Corollary 3.20. In the assumptions of Theorem \3.19l if{ext{E) € 1") is the singularity of type —(1, 1, 1), 
then f{E) is a plane on X {i.e., the surface 11 ~ on X such that {K'j^ ■ Ii)x = 1). 

Proof. Since S ~ and Oe{E) 0^2{2), we have 

{Kl . E)y = {{ext*{KY>) + \Ef • E)^ = \{E^)y = 1, 

which implies that f{E) is the surface 11 ~ P^ on X such that {K'j^ ■ Yi)x = {Ky ■ E)y = 1. □ 

Proposition 3.21 (see [32', Proposition 4.5]). If C := ext{E) is a curve, then Y' has terminal factorial 
singularities and one of the following holds: 

• Y' is a weak Fano threefold with (—Ky')^ ^ {~^y)^'^ 

• for C we have {Ky' • C)y' > and it is the only curve on Y' which intersects Ky' positively. 
Furthermore, in this case C ~ P^ and E '^F^ x P^ or Fi. 

Proof. Let us use the arguments from the proof of Proposition 4.5 in [32]. By Theorem 13 . 1 91 the curve C 
is reduced and irreducible, the threefold Y' is non-singular near C and ext is the blow up of Y' at C. In 
particular, Y' has terminal factorial singularities and Ky = ext*{KY') -\-EonY. Further, we have 

(3.22) {Kl.)y = {K^,)y, + 3(ext*(Ky,) • E^)y + {E^)y, 

and if Y' is a weak Fano threefold, then we obtain 

^ (( - KyY ■ E)y = 2{ext* {Ky') ■ E^)y + {E^)y 

and 

^ (( - /Cy) • ( - ext*{KY')) ■ E)y = {ext*{KY') ■ E^)y. 

This together with (I3.22p gives inequahty (— Ky/)^ ^ {—Ky)^. 

Now, if Y' is not a weak Fano threefold, then for some irreducible curve Z on Y' we get (-fCy • Z)y' > 0. 
It is easy to see that in fact Z = C. Then Proposition 13.101 and [27^ Corollary 1.3] imply that C ~ P^. 
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on E for some a ^'L. Moreover, we have a ^ because the divisor —Ky is nef on Y . Then we obtain 



Corollary 3.23. In the assumptions of Proposition W.21[ 

• if E c^¥^ X then f{E) is a line on X {i.e., a curve F ~ on X such that {—Kx ■ T)x = 1) 
and X is singular along f{E); 

• if E ¥i, then f{E) is a plane on X {i.e., a surface 11 ~ on X such that {Kj^ ■ n)x = !)■ 

Proof. In the notation from the proof of Proposition 13.211 if £^ ~ x P^, then {—Ky ■ h)Y = and 
{-Ky ■ 1)y = 1. This imphes that f{E) is the curve T ~ P^ on X such that {-Kx ■ T)x = 1. 

If £^ ~ Fi, then {—Ky ■ h)Y = and h is the only curve on E which intersects Ky by zero. This implies 
that f{E) is the surface H ~ P^ on X such that {Kj^ ■ n)x = {K^ ■ E)y = 1. □ 

In the conclusion of the present Section let us prove some statements about projections of Fano 
threefolds. For this we will need the following result: 

Theorem 3.24 (see |37]). Let V he a Fano threefold. Then the general surface in \ — Kv\ has only Du 
Val singularities. 

Lemma 3.25. Let vr : X X' he projection from a linear space such that dimX' = 3. Then vr is 
birational. 

Proof. This is obvious because X is an intersection of quadrics (see Corollary [33]) . □ 

In the notation from Lemma 13.251 let 0, be the center of the projection vr : X X'. 

Lemma 3.26. // X' is an anticanonically emhedded Fano threefold, then the set n Sing(X) consists 
only o/cDV points on X. 

Proof. Suppose that P € n Sing(X) is a non-cDV point on X. Then the general surface 5 € | — Kx\ 
through P is a K3 surface whose singularities are worse than Du Val. In particular, we have k{S) < 0. 
On the other hand, vr gives a birational map S S' on the general surface S" G | — Kx'\, which implies 
that k{S) = k{S') < 0. But by Theorem 13.241 5' is a K3 with only Du Val singularities, which implies 
that k{S) = 0, a contradiction. □ 

There is the following inversion of Lemma I3.26t 

Lemma 3.27. Let vr : X X' be projection from the singular cAi point O £ X. Then X' is an 
anticanonically embedded Fano threefold such that {—Kx')^ = {—Kx)^ — 2. 

Proof. Consider the blow up a : W — > X of the threefold X at the point O and the commutative 



0>{-Ky,- C)y, = {Kl ■E)y-2 + 2pa{C) = {{- i^y U)\ - 2 



n + 2a - 2, 



which implies that a = and n ^ 1. Proposition 13.21] is completely proved. 



□ 



diagram 



W 




X 



TT 
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Projection tt is given by the linear system Ti. C \ — Kx \ of all hyperplane sections of X passing through 
O. Since O G X is a singular cAi point, W has at most canonical Gorenstein singularities^ and for the 
general surface H £ 7i we have 

where E^j is the cr-exceptional divisor. On the other hand, from the adjunction formula we obtain equality 

on W. Thus, the morphism r : W — > X' is given by the linear system a~^{Ti.) C | — Kw\. In particular, 
is a weak Fano threefold because a~^{H) is base point free on W and {—Kw)^ = {—Kx)^ — 2 > 0. 
This implies that dimX' = 3 and the projection tt is birational (see Lemma 13.25 p . Then, since r is a 
crepant morphism, threefold X' has only canonical Gorenstein singularities (see [20]). Moreover, we have 
Ox'i—Kx') — C'x'(l)) which implies that X' is an anticanonically embedded Fano threefold such that 
{-Kx'f = i-Kxf - 2. □ 

4. Contractions of special type 

We use notation and conventions from Section [3l In the present Section we consider the case when 
ext : Y — > Y' is the contraction on a weak Fano threefold Y' with terminal factorial singularities. We 
also assume here that 64 < {—Kx)^ < 72. 

According to Remark 13.71 threefold Y' is a terminal Q-factorial modification of some Fano threefold 
X' . Denote by /' : Y' — > X' the corresponding crepant morphism (see Proposition 13. 6|) and let Efi 
be the /'-exceptional locus. By Theorem 13 . 1 9 1 and Proposition 13.211 we have {—Ky')^ ^ [—Ky Y. Then 
Corollary 13.51 implies that the anticanonical linear system | — Kx' \ gives an embedding of X' in 
such that the image X2g'-2 '■= ^\-k^,\{^') is an intersection of quadrics (here g' is the genus of X'). In 

what follows, we assume that X' = X2g'-2 C is anticanonically embedded. 

Consider the commutative diagram 

(4.1) Y^Y' 



r 



x^--x' 



with the induced birational map p. 



Lemma 4.2. // C := ext(E) is a curve, then p is the birational projection with center which cuts out 
f{C) on X'. 

Proof. By Theorem 13.191 the curve C is reduced and irreducible, the threefold Y' is non-singular near C 
and ext is the blow up of Y' at C. In particular, on Y we have equality 

(4.3) Ky = ext*{KY') + E. 

Thus, the morphism / is given by the linear system | — Ky \ = |ext*(— Xy) — E\ (see Remark 13. Sh . This 
implies that the map / o ext~^ is given by the linear system | — Ky' — C|. On the other hand, one of the 
following holds: 

• n C7 = 0; 

• /'(C) is a point and C belongs to that component of the divisor Ef, which is mapped by /' onto 
a curve; 

• /' is a small contraction of the curve C. 



l)Th is easily follows from the Morse Lemma (see for example [l]). 
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Indeed, otherwise one can find a curve Z dY such that {Ky ■ ext*(Z))y/ = and (E ■ Z)y > 0. Then 
from equahty (j4.3p we obtain that {Ky • Z)y > 0, which is impossible because the divisor —Ky is nef on 
Y. 

Since Ky/ = f'*{Kx') on Y', we get that the map p is given by the linear system | — Kx' — f'{C)\. □ 

Lemma 4.4. Inequality {—Ky)^ > {—Ky)^ holds. 

Proof. By Theorem EUl if ext(£;) is a point, then {-Ky, f > {-Ky f. 

Now, let ext(£') be a curve. Then from Lemma 14.21 we get that g < g' , since the dimension of the 

projective space decreases under projection. The inequality (—Ky)'^ > (— i^y)^ now follows from the 

definition of genus (see Section [3|). □ 

Proposition 4.5. If C := ext(^) is a curve and {-Kyf = 72, then X' = P(6,4, 1,1), {-Kxf = 70 
and X is the image of the threefold X' under hirational projection from a singular cDV point on X' . 

Proof. By Theorem II. II we have X' = P(3, 1, 1, 1) or P(6, 4, 1, 1). Then it follows from Remarks 13.131 and 
13.151 that Y' is isomorphic to one of the threefolds constructed in Examples 13.121 and 13.141 

Lemma 4.6. X' / P(3, 1, 1, 1). 

Proof. Suppose that X' = P(3, 1, 1, 1). Then from Example 13. 121 we get that Eji is an irreducible divisor 
which is contracted to the unique singular point on X' . This implies that Efi (1 C = f}> (see the proof of 
Lemma 14. 2p . 

Further, by Lemma 14.21 birational map p : X' X (see ()4.ip ) is the projection from some linear 
space V C P'^^ which cuts out the curve f'{C) on X' . Moreover, it follows from (j3.ip that dimF ^ 2, 
which implies that {-Kx' ■ /'(C))^' ^ 2. But for X' = P(3, 1, 1, 1) we have Ox'i-Kx') ^ Ox'(6) (see 
O Theorem 3.3.4]). Then for the divisor M on X' with Ox'iM) ~ Ox'il) we obtain 

1 

3' 

which implies that the curve /'(C) passes through the singular point on X'. This contradicts Eji n C = 
0. □ 



0< (M./'(C7))^, ^ 



It follows from Lemma 14.61 that X' = P(6,4,l,l). In the notation of Example 13.14] let P and Q be 
two singular points on X'. 

Lemma 4.7. f'{C) is a point on X' , other than P and Q. 

Proof. By Remark 13.151 locus Ef is of pure codimension 1 on Y'. Suppose that f'{C) is a curve. Then 
we get Eff r\C = ^ (see the proof of Lemma l4.2p . Now, as in the proof of Lemma |4.6^ we obtain that 
{-Kx'-f'{C))^i ^2. ButforX' = P(6,4, 1,1) wehaveOx'l-^x') ^Ox'{l2) (see |5l Theorem 3.3.4]). 
Then for the divisor M on X' with Ox'{M) ~ Ox'{'\-) we obtain 

0<(M./'(C))^,^i, 

which implies that the curve f'{C) passes through singular points on X' . In particular, since Y' is 
non-singular by Remark 13.151 we get Sj/ n C 7^ 0, a contradiction. 

Thus, f'{C) is a point. Then by Lemma 14.21 birational map p (see (j4.ip ) is the projection with center 
which cuts out the point f'{C) on X' . Suppose that f'{C) = P or Q. Then it follows from the arguments 
in Example 13.141 that /' contracts a component of Ef into f'{C). Thus, there is an exceptional divisor 
over X' with the zero discrepancy and the center at f'{C), which implies that f'{C) is non-cDV (see for 
example [24^ Theorem 5.34]). This contradicts Lemma 13.261 □ 

Set O := f'{C). Lemma 14.71 and Example 13.141 imply that (O S X') is the cAi singularity. Then 
Lemmas 14.21 and 13.271 complete the proof of Proposition 14.51 □ 
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Proposition 4.8. In the assumptions of Proposition threefold X has the unique singular point, and 
this point is non-cDY . 



Proof. In the notation of Example 13.141 let L be the singular locus of the threefold X' = P(6,4, 1, 1). 
Lemma 4.9. The curve L is a line on X' {i.e., L ~ P-*^ and {—Kx' ■ L)^/ = 1). 

Proof. The curve L is given by equations X2 = X3 = on X', where xq, xi, X2, X3 are weighted projective 
coordinates on X' of weights 6, 4, 1, 1, respectively (see [12\ 5.15]). This implies that L ~ P^. It remains 
to show that {—Kx' ■ L)x' = 1- 

Let S be the surface on X' with equation 2:3 = 0. Then L <Z S and 

{-Kx'-L)^, = {-Kx'\s-L),, 

where the last intersection is taken on S = P(6, 4, 1) ~ P(3, 2, 1) (see [12l 5.7]). 

Since Ox'{—Kx') — C^X'(12) (see O Theorem 3.3.4]), the general element D € \ — Kx'\ is given by 
equation 

aoxl + aQ{x2,X3)xo + 02(^2, X3)xoXi + a4{x2,X3)xj + a8{x2,x;i)xi + ai2(x2, X3) = 

on X' , where ai{x2,X3) are homogeneous polynomials of degree i in the variables X2, X3. 

If 2/O1 2/1) 2/2 are weighted projective coordinates on the surface 5 with weights 3, 2, 1, respectively, 
then is given by equation 

bovi + hyovi + b2yoyiy2 + fesy? + hyly2 + ^52/12/2 + ^62/2 = 

on S, where 6j E C (see [12l 5.10]). This implies that Os{D\^) ~ Os{G)- On the other hand, we have 
Os{L) ~ Osil). Thus, we obtain 

{-Kx'-L)^, = {-Kx'\s-L)^ = l, 
where the last intersection is taken on S = P(3, 2, 1) (see ^). □ 
Lemma 4.10. L is the unique line on X' . 

Proof. Let Lq ^ L he another line on X' . Denote by Lq the proper transform of Lq on Y' . Since 
{—Kyi ■ L'q)y' = 1 and p{X') = 1, it follows from the Cone Theorem (see for example [2H Theorem 4-2- 
1]) that R := M^o[-^o] ™ extremal ray. Then it follows from the Contraction Theorem (see for example 
|2H Theorem 3-2-1]), Theorems 13.161 13.171 13.181 and 13.191 that there exists a JCyz-negative extremal 
birational contraction fn : Y' — > of R with exceptional divisor E^. 

If Y^ is a weak Fano threefold with terminal factorial singularities, then from Theorem 13.191 and 
Proposition 13.21] we obtain that {—Ky'Y ^ {~Ky>Y — '''2- Hence by Theorem 11.11 and Remark 13.71 
threefold is a terminal Q-factorial modification either of P(3, 1,1,1) or of P(6, 4, 1, 1). Then it follows 
from Remarks 13.131 and 13.151 that either ~ Y' or is isomorphic to the weak Fano threefold from 
Example 13.121 This implies that 4 = p{Y') — 1 = p(Y^ = 5 or 2, a contradiction. 

If Y^ has non-factorial singularities, then it follows from Theorem 13.191 and Proposition 13.211 that 
fR{Eji) is a point. In this case, for two non-cDV points P and Q on X' from Example 13.141 we have 
f'~^{P) r\ER = f'^^iQ) n = 0, and since Lq n L 7^ (see the proof of Lemma ITT]) , this is possible 
only if the curve Z := f'^^{L) R Eji is contained in the fibres of the morphism /' (see Example I3.14p . 
But this implies that = (-fCy • Z)y' < 0, a contradiction. 

Finally, suppose that the divisor —Ky^ is not nef. Then it follows from Theorem 13.191 and Proposi- 
tion [MD that fR{ER) is a curve and Er = Fi or P^ x P^. But, if Er = Fi, then f'{ER) is a plane on X' 
such that L (f_ f'{ER) (see the proof of Corollarv I3.23|) . This implies that there exists a line on X' not 
intersecting L, which is impossible (see the proof of Lemma l4.7p . Further, in case when Er = P^ x P^ 
we have Lg C Er C Eji (see the proof of Corollarv 13. 23p . which implies that Lq = L (see Example 13. 14p . 
a contradiction. Lemma 14.101 is completely proved. □ 
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It follows from Lemmas 14.91 14.101 and the construction of threefold X that X has the unique singular 
point o. If (o G X) is a cDV singularity, then X has terminal Gorenstein singularities (see for example 
|24l Theorem 5.34]). But this contradicts Theorem 13. 16^ since {—Kx)^ = 70. 

Proposition 14.81 is completely proved. □ 



Remark 4.11. It follows easily from the previous arguments that, in the assumptions of Proposition 14.51 
for Fano threefold X the equality p{X) = 1 holds. Let us denote this X by ^70- By construction Fano 
threefold X70 is unique up to isomorphism. It was found by I. A. Cheltsov. 

Lemma 4.12. Let /70 : Y-jq — > X^Q he a terminal Q-factorial modification of the threefold Xjq. Then 
the threefold Y70 is non-singular and the exceptional locus of the morphism /70 has pure codimension 1 
on Yyq. 

Proof. It follows from Example 13. 141 Remark 13. 151 and the construction of the threefold Xjq (see the proof 
of Proposition 14. 5p that there exists a non-singular terminal Q-factorial modification /^q : Yjq — > X-/Q 
such that the exceptional locus of the morphism /^g has pure codimension 1 on Y^q. Now the statement 
follows from Remark 13. 9i □ 



Let us now return to the beginning of the present Section and prove the following results: 
Lemma 4.13. If ext{E) is a point, then 
. i-Kyf + 72; 
• X' / X70. 

Proof. Suppose that {—Ky)^ = 72. Then by Theorem 11.11 threefold Y' is a terminal Q-factorial modifi- 
cation either of P(3, 1, 1, 1) or of P(6, 4, 1, 1). In particular, by Remarks 13.131 and 13.151 Y' is non-singular. 
On the other hand, by Theorem 13.191 morphism ext is the blow up of Y' at the point ext(E), and since 
Y' is non-singular, this implies that Ky = ext*(/Cy/) + 2E on Y and {E^)y = 1. Then we get 

{-Kyf = 72- 8{E^)y = 6A, 

a contradiction, since 64 < {—Kx)^ < 72 by our assumption. 

In case when X' = X70, from Lemma 14.121 and the above arguments we obtain that {—Ky)^ = 62, 
which again is impossible. □ 

Lemma 4.14. If C := ext(E) is a curve, then X' ^ Xjq. 

Proof. Suppose that X' = X^q. Then, as in the proof of Lemma 14.61 f'{C) is either a point or a line, 
and the threefold X is the image of X' under birational projection from f'{C). Moreover, if f'{C) is a 
point, then it is non-cDV (see Proposition 14. Sh . which contradicts Lemma 13.261 

Thus, /'(C) is a line on X' . Since /' : Y' — > X' contracts exceptional locus of pure codimension 
1 on Y' to point (see Lemma 14.121 and Proposition 14. Sh , it follows from the proof of Lemma 14.21 that 
Ef n C = 0. Further, since p{X') = 1 (see Remark 14. lip , as in the proof of Lemma 14.101 there exists a 
i^Ty -negative extremal birational contraction fc '■ Y' — > Yq of the curve C with exceptional divisor Ec- 

If Yq is a weak Fano threefold with terminal factorial singularities, then from Theorem I l.H Remark 13. 71 
and Lemmas 14.41 14.13} 14.71 we get that -E/' H C 7^ 0, a contradiction. 

If has non- factorial singularities, then, since Y' is non-singular (see Lemma l4.12p . it follows from 
Ef, nC = 0, Theorem ElHl Propositions [3^211 SS] and Corollary [320] that fc{Ec) is a point and X' 
contains a plane 11 not passing through the singular point on X'. Further, from Remark 14.111 we obtain 

that n ^^X' °^ ^^^^^ {-Kx'f = 70, Ox'{-Kx') ^ Ox'(l) and (if|, • U)^, = 1. But then for 

every line Z C 11 we have (11 • Z)x' = — , which implies that Z pases through the singular point on X', 
a contradiction. 
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Finally, suppose that the divisor —Ky^ is not nef. Then it follows from Theorem 13.191 and Proposi- 
tion [MD that fc{Ec) is a curve and = x or Fi. But, if = x P^, then X' is singular along 
a line (see the proof of Corollarv 13 .231) . which is impossible by Proposition 14. 8[ On the other hand, in 
case when Ec = Fi we have Efi n C 7^ (see the proof of Corollarv 13. 23p . a contradiction. Lemma 14.141 
is completely proved. □ 

Remark 4.15. It follows from the proof of Lemma [4. 141 that every line on the threefold X-jq passes through 
the singular point on X70. Moreover, the same arguments imply that there are no reduced and irreducible 
conies on X-jq. 

Remark 4.16. It follows from Theorems [31^ [3171 and [338l Lemmas HTTil and Proposi- 

tions 13.211 14.51 14.81 that to complete the proof of Theorem 11.21 it remains to consider the case when for 
every Xy-negative extremal birational contraction ext : Y — > Y' Y' is not a weak Fano threefold with 
terminal factorial singularities. Then by Corollaries 13.201 and 13.231 the corresponding Fano threefold X 
is either singular along a line or contains a plane. We also distinguish the case when X has a non-cDV 
point. 

5. General case: reduction to the log Mori fibration 

In the present Section we follow §6 in [32j. We use notation and conventions from Section [3l We also 
assume that 64 < {—KxY < '''2. Recall that by Remark 14. 161 to complete the proof of Theorem 11.21 it is 
enough to consider the case when the threefold X satisfies one of the following conditions: 

• X is singular along a line F (case A); 

• X contains a plane 11 (case B); 

• X contains a non-cDV point O (case C). 

Set C := \ — Kx\ and consider the following linear systems: 

• H := {i^ G £ I D F} in case A; 

• n:= {H \ H + 11^ C] m case B; 

• n:= {H C \ H ^ 0} \n case C. 

Take a terminal Q-factorial modification / : Y — > X of the threefold X. Put £y := f^^{C) and 
Uy ■■= f^^CH). Then for the general element H e H and Hy := /^^(H) £ Tiy we have 

(5.1) Ky + Hy + DY = f*{Kx + H)r^O in cases A and C 
and 

(5.2) Ky + Hy + Dy = f*{Kx + H + U) r^O in case B 

on Y, where Dy is an effective integral non-zero /-exceptional divisor in cases A and C, and a sum of 
/^^(n) and effective integral /-exceptional divisor in case B. 

Remark 5.3. By construction and [35, Corollary 2.14] every irreducible component of the divisor Dy is 
a surface of negative Kodaira dimension. 

Further, for general element L £ C and Ly := f^^{L) € Cy we have 
(5.4) Ky + Ly = f* (Kx + L) ~ 

on Y. 

Lemma 5.5 (see |32t Lemma 6.5]). The image of the threefold X under the map ^t-c is three-dimensional. 

It follows from Theorem 13.241 and the Inversion of Adjunction (see for example \23\ Theorem 7.5]) that 
the pair {X,L) is canonical. Then from (j5.4p and [32\ Lemma 3.1] we get the following 
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Lemma 5.6. The pair (Y, Ly) is canonical. 
Moreover, we have the following 

Lemma 5.7 (see [321 Lemma 6.8]). Threefold Y can be chosen in such a way that 

• the pair (Y,Hy) is canonical; 

• the linear system TCy consists of nef Cartier divisors. 

In what follows, we assume that Y satisfies the conditions of Lemma 15.71 Now, let us apply the log 
minimal model program to the pair (y, i/y). Then on each step the equality K + 7i = —D for some 
divisor D > is preserved (see (jS.ip and (j5.2p ). This implies that at the end of the program we obtain a 
pair (W, Hw) with a (-ftTvy + -f^VK)-iiegative extremal contraction extvv^ : W — > W' to a lower-dimensional 
variety W' . 

Remark 5.8. Denote by TLw the proper transform on W of the linear system Tiy Then Hw G TLw, 
which implies by Lemma 15.71 and [321 Lemma 3.4] that the pair {W,Hw) is canonical and 7iw consists 
of nef Cartier divisors. In particular, ext^v^ is a -fCiy-negative extremal contraction and hence W has only 
terminal Q-factorial singularities. Furthermore, denote by Cw the proper transform on W of the linear 
system Cy- Then for the general element Lw £ C,w we have Kw + Lw = (see (15. 4p ). which implies by 
[32l Lemma 3.1] that the pair {W,Lw) is canonical. In particular, since Cw C | — K\y\, the linear system 
I — Kw\ does not have fixed components. Finally, (W,Lw) is a generating 0-pair (see [321 Definition 4.1] 
and [33j). 

Remark 5.9. By construction the initial Fano threefold X is the image of the threefold W under birational 
map ^Cw (s^^ Remark 13. 8p . Furthermore, it follows from Lemma 15.51 that the divisor Hw is ample over 
W' and the linear system Tlw is movable. 

Further, we have 
(5.10) Kw + Hw + Dw = 

on W for some D\y > with irreducible components of negative Kodaira dimension (see Remark 15. 3p . 

Remark 5.11. We have dim | — K]v\ ^ dimCw = dim | — Kx\ (see Remarks 15.81 and 15. 9p . Moreover, 
by construction of the linear system Ti. inequality dimTY ^ dim | — Kx\ — 3 holds. Then it follows from 
64 < {-Kxf < 72 that dim \ - Kw\ > 35 and dim \Hw\ > 32 (see 1^). 

Since dimiy' < dimVF, W' is either a point, a curve or a surface. But if W is a point, then it follows 
from |32l Proposition 7.2] that dim | — Kw\ ^ 34, which contradicts the estimate in Remark 15.111 Two 
other cases will be treated in the next two Sections. 

6. Contraction to curve 

We use notation and conventions from Section [5l In the present Section we consider the case when 
dimW' = 1. We note that the curve W is smooth. Then it follows from the relative Kawamata- 
Viehweg Vanishing Theorem (see for example [21j) and the Leray spectral sequence that H^(W', Ow') = 
H^{W, Ow) = 0. Thus, we have VF' ~ 

Further, the general fibre Wr^ of the morphism ext^y : W — > W' is a smooth del Pezzo surface. On 
the other hand, by construction for Hw € Tiw the divisor —{Kw,^ + -f^vy ) is ample on W,j. Moreover, 

by Remark 15.91 the divisor is also ample on W^. This implies that ~ or x P^, and in 

the first case Hw\„, — Op2(l) or 0^2(2). 

1 Wrj 

Lemma 6.1. IfWr, ~ P^ and Hw\^ ^ Cp2(l), then W is a W -bundle such that the morphism extvi/ is 
its natural projection to Moreover, W = P(C'pi(5) Opi(2) © Opi) or P(C'pi(6) © C'pi(2) © Opi). 
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Proof. According to [Ml Lemma 8.1], we have W = ¥{Opi{di) Opi((i2) © Opi) with di ^ d2 ^ so 
that extyy is the natural projection of to P^. Moreover, it fohows from the proof of Proposition 8.2 in 
|32j and Remark 15.81 that only the following values for (^1,^2) are possible: 

(1,1), (2,1), (2,2), (3,1), (3,2), (4,1), (4,2), (5,2), (6,2). 

It is easy to compute (see for example [36' Ch. 2]) that in all cases except for the last two dim | —Kw \ ^ 33. 
Then from Remark 15.111 we obtain that (^1,^2) = (5,2) or (6,2). □ 

Proposition 6.2. In the assumptions of Lemm.a [6l[ ifW = P(Opi (5)00^1 (2)00^1), then {-Kx)^ = 66 
and X is the anticanonical image ofW. 

Proof. For Ty = P(Opi (5) Opi (2) Opi ) we have dim \-Kw\=35 (see for example [36t Ch. 2] ) . Then 
from Remark 15.81 we get equality | — Kw\ = Cw- In particular, for the initial Fano threefold X we have 
{—Kx)'^ = 66. Let us show that this case really occurs. 

On W we have —K\y ~ 3M — 5-F, where M is the tautological divisor and F is the fibre of the 
projection ext^i^ (see for example [36l Ch. 2]). Then the linear system | — K\y\ is generated by the 
following polynomials: 

(6.3) gix^, xixl, g2XiX2X'i, QaXixI, 95x^x3, 97x1x2, gioxf, 

where xi, X2, X3 are projective coordinates on F ~ P^, gi is a homogeneous polynomial of degree i in 
projective coordinates toi *i on the base W ~ P^ (see for example [36l Ch. 2]). In particular, the base 
locus of the linear system Cw = I — Kiw\ is the curve Cq ^ P"^ given by equations Xi = X2 = ^ onW . 

To resolve the indeterminacy locus of the rational map ^Cw • ^ — '■— ^£w-(^)' '^^^ assume 
that in (|6.3|) the equalities t2 = x^ = 1 hold. We put xi =: x, X2 =■ y and ti =: z. 

Let (Ti : Wi — > Wq =: W be the blow up of the curve Co, and Ei be the cJi -exceptional divisor. 
Threefold Wi is covered by two affine charts U^^\ each of which is isomorphic to C^. Again we denote 
by X, y, z the coordinates on each of U-^\ 

Morphism ai\ (i) : u[^^ — > Wq is given by the formula 

{x,y,z) ^ {x,xy,z). 

Then the linear system Cwi '■= (^i^i^w), when restricted to u[^\ is generated by the following polyno- 
mials: 

aiy^x'^, 1, g2xy, gAX^y'^, C/5X, gjx^y, gwx^ , 

which implies that Cy/i is base point free on U^^^ . 

Morphism cri| (i) : U^^ — > Wq is given by the formula 

{x,y,z) ^ {xy,y,z). 

Then the linear system , when restricted to 1/2^'^ , is generated by the following polynomials: 

(6.4) c/iy2, X, g2xy, g^xy"^, g^x'^y, grx'^y'^, gwx^y'^, 

which implies that the base locus of Cy/^ is an irreducible rational curve Ci C Ei given by equations 
= y = on Wi. 

To resolve the indeterminacy locus of the rational map ^Cw^ '■ ^1 """^ may assume that 

Wi = 1/2^^ with coordinates x, y, z. Then (j6.4p is a basis of the linear system Cwi- 

Let (72 : W2 — > Wi be the blow up of the curve Ci, and E2 be the (T2-exceptional divisor. Threefold 

W2 is covered by two affine charts U^'^\ each of which is isomorphic to C'^. Again we denote by x, y, z 

(2) 

the coordinates on each of Ul . 
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(2) 

Morphism <72|^(2) : — > Wi is given by the formula 

{x,y,z) ^ {x,xy,z), 

— 1 (2) 

and again the hnear system := c72^ i^Wi) is base point free on . 

(2) 

Morphism (721 (2) : Uo — > Wi is given by the formula 

{x,y,z) ^ {xy,y,z). 

(2) 

Then the linear system Cw27 when restricted to C/g ) is generated by the following polynomials: 
(6.5) giy, x, g2xy, g^xy"^, g^x'^y'^, gjx'^y^, gwx^y'^, 

which implies that the base locus of is an irreducible rational curve C2 C E2 given by equations 
X = y = on W2- 

Finally, to resolve the indeterminacy locus of the rational map '^Cw2 ■ ^2 ---^ X one may assume that 

(2) 

W2 = U2 with coordinates x, y, z. Then (|6.5|) is a basis of the linear system Cw2- 

Let (73 : W3 — > W2 be the blow up of the curve C2, and £"3 be the (T3-exceptional divisor. Threefold 
W3 is covered by two affine charts U^^\ each of which is isomorphic to C^. Again we denote by x, y, z 

(3) 

the coordinates on each of U- . 

(3) 

Morphism 0-3! (3) : C/f^ W2 is given by the formula 

{x,y,z) ^ {x,xy,z), 
and again the linear system '■= <^3^{^W2) is base point free on u[^\ 

(3) 

Morphism 0-3! (3) : m^' W2 is given by the formula 

^2 

{x,y,z) ^ {xy,y,z). 
(3) 

Then the linear system Cws, when restricted to C/g 1 is generated by the following polynomials: 

91, X, g2xy, g^xy'^, gbx'^V^, Qjx^y^, giox^y^, 

(3) 

which implies that is base point free on U2 and hence on W3. 

Lemma 6.6. W3 is a non-singular weak Fano threefold such that its image X = 'I'Cw^ (^3) ^-^ ^ Fano 
threefold with {—Kx)'^ = 66. 

Proof. In the above notation, we have 

on Wi, and the general element in Cwi^i is non-singular along the base curve Cj_i, 1 ^ z ^ 3 (see 
(|6.3p - (j6.5p ). This implies, since Cwo = I ~ that ^ I — ^Wil for all 1 ^ i ^ 3. In particular, the 
divisor —K^^ is nef on W3 because the linear system is base point free on W3. 
Further, since {K\y ■ C(j)w = 5, {K^r)w = —54 (see for example [36, A. 4]) and 

{-Kwi)\E, =C'i 

for i = 1, 2 (see the above arguments), it is easy to compute that 

{K^J^^ = {K^^_,)w,_, - 2(5 - 2(i - 1)) + 2 = (K^^_ -8 + 4(^-1) 

for 1 ^ ? ^ 3 (see the proof of Proposition 13.21]) . In particular, we have {Kyy^)^Y^ = 66, which implies 
that W3 is a non-singular weak Fano threefold. Then X = '^Cw^ (^3) is a Fano threefold with canonical 
Gorenstein singularities (see [20]). Moreover, by construction we have Oxi—Kx) ~ C'x(l) and dim | — 
Kw\ = 35. Thus, we obtain that {-Kx)'^ = 66 (see ([ST])). □ 
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Proposition 16.21 is completely proved. □ 

Remark 6.7. By construction Fano threefold X from Proposition 16.21 is toric. Let us denote it by Xqq. 
It follows from the explicit description of the fan of Xqq in [25] that Xqq is not Q-factorial and p{X) = 1 
(see also the proof of Lemma [STl in Section [8]). 

Proposition 6.8. If X = Xqq, then the singularities of X are non-cDV. 

Proof. We use notation from the proof of Proposition 16.21 It follows from the proof of Lemma 16.61 that 
= I — KiYsl ^^'^ ^'^Wi • ^3 — ^ X is a terminal Q-factorial modification of X. 
Let Lt C E2 be the fibre 0-2"^^), t S Ci ~ P\ and L[ its proper transform on VF3. 

Lemma 6.9. We have {Kwz ' -^^t)»3 = 0- 

Proof. Set El := ((T2 o az)*{Ei) and E2 := a^{E2). Then we obtain equality 

Kws = {(^i o o asYiKw) + El + E^ + E3 

on W^. Furthermore, we have 

(^3 • ^OvKa = 1' (^2 • = {E2 ■ Lt)^^ = -1, {El . L;)^^ = {a*2{E,) ■ L,)^^ = 0, 

which implies that (i^^vKs ■ -^t)vK3 = 0. □ 

Let E2 be the proper transform of the surface E2 on W^^. 
Lemma 6.10. We have {Kw^ ■ E'2 ■ i^s)^^ = 0. 

Proof. In the notation from the proof of Proposition 16.21 let : W3 — > W2 be the blow up of the curve 

(2) 

C2, and E3 be the cis-exceptional divisor. Without loss of generality one may assume that W2 = up 

(3) 

with coordinates x, y, z. Then the threefold W3 is covered by two affine charts , each of which is 
isomorphic to C'^. Again we denote by x, y, z the coordinates on each of U^^\ 

(3) 

Morphism o"3|^(3) : — > W2 is given by the formula 

{x,y,z) ^ {x,xy,z). 

Then the general surface S € Cw^ = I — Kw^ I = (^s*^ (^11^2)5 when restricted to uf^\ is given by equation 

9iy + 90 + 92xy + gAx^y'^ + g^x^v^ + gix^y^ + giox^y^ = 0, 

/ON 

where g^ G C* (see (j6.5p ). On the other hand, the surface S3 is given by equation x = on C/j and the 
surface E2 is given by equation y = on VF2. This implies that 

S n n = 

on f/f\ 

(3) 

Further, morphism 0"3|^{3) : U2 — W2 is given by the formula 



■'2 



{x,y,z) ^ {xy,y,z). 



Then we have E'2nU^^'^nEs = because the surface £^3 is given by equation y = on and the surface 
E2 is given by equation y = on W2 ■ This implies that for the general surface 5 € Cws = I — Kws \ we 
have 

5 n ^2 n ^3 = 

on and hence {Kw^ ■ E2 ■ Es)^,^ = 0. □ 

It follows from Lemmas 16.91 and 16.101 that := (^£^^(£'2) is a point on X and the divisor E2 over X 
has zero discrepancy. This implies that (o € X) is a non-cDV singularity (see for example [24^ Theorem 
5.34]). Proposition 16.81 is completely proved. □ 
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Now we turn to the second case in Lemma 16.11 and prove the fohowing 



Proposition 6.11. In the assumptions of Lemma \6.1\ ifW = P(C'pi(6) ©C'pi(2) ©Opi), then X = X' 



70 



is the Fano threefold constructed in Proposition \4.5 



Proof. For W = P(Opi(6) © C'pi(2) © Opi), its image ^^^Ky^^iW) C P^^ is the anticanonically embedded 
Fano threefold P(6, 4, 1,1) (see |13, Ch. 4, Remark 4.2]). Then it follows from Remarks 15.91 [5^ and 
the assumption 64 < {—Kx)^ < 72 that dim^C^y £ {35,36,37} (see (|3.ip ). and hence the initial Fano 
threefold X is the image of P := P(6,4, 1, 1) C P^^ under birational projection from a point, a line or a 
plane. Let vr : P --->■ X be this projection. Note that by Theorem 13.41 threefold P C P'^^ is an intersection 
of quadrics. 

Lemma 6.12. If ir is the projection from a point, then X = X^q is the Fano threefold constructed in 
Proposition \4-5[ 

Proof. Let O be the center of the projection tt. Then O belongs to P, since otherwise vr is an isomorphism, 
which is impossible because 64 < {-Kxf < 72. Moreover, if O is a smooth point on P, then (—Kx) = 
71, which is also impossible (see (j3.ip ). Thus, we have O S Sing(P). 

In the notation of Example 13.141 if O is different from the points P and Q, then (O € P) is the cAi 
singularity, and by definition we obtain that X = Xjq. Now, let O = P or Q. Then O is a non-cDV 
point on P (see the proof of Lemma 14. 7p , which contradicts Lemma 13.261 □ 

By Lemma 16.121 it remains to consider the cases when vr is the projection from a line and a plane. 
Let us consider the case of the projection from a line first. Let 7 be the center of the projection vr. Since 
P c P'^^ is an intersection of quadrics, either P contains the line 7 or intersects with 7 at ^ 2 points (note 
that 7 n P 7^ 0, since otherwise vr is an isomorphism, which is impossible because 64 < (—Kx)^ < 72). 

Lemma 6.13. The line 7 is not contained in P. 

Proof. Suppose that 7 C P. Then by Lemma 14.101 7 coincides with the singular locus of P. Then, as in 
the proof of Lemma 16.121 we get a contradiction with Lemma 13.261 □ 

Thus, 7 intersects P by ^ 2 points. 

Lemma 6.14. We have 7 n P n Sing(P) = 0. 

Proof. In the notation of Example 13.141 if 7 contains a singular point on P, other than P and Q, then 
X is the image of the anticanonically embedded Fano threefold Xjq under birational projection from 
some point O. We have O € X^q, since otherwise vr is an isomorphism, which is impossible because 
{—Kx)^ < (— i^Xyo)^ (see the proof of Lemma . Since X^q has the unique singular point, and this 
point is non-cDV (see Proposition I4.8P . O must be a smooth point (see Lemma l3.26p . But then we have 
{—Kx)^ = 69, which is impossible (see (|3.ip ). 

The obtained contradiction implies that the set 7 n Sing(P) can contain only P and Q. Then, as in 
the proof of Lemma 16.121 we get a contradiction with Lemma 13.261 □ 

Thus, 7 intersects P by ^ 2 smooth points. In these assumptions, we have 

Lemma 6.15. The equality (—Kx)^ = 72 holds. 

Proof. Let S be the general hyperplane section of P passing through 7. Then 5 is a non-singular K3 
surface near 7 n P because 7 n P consists of ^ 2 smooth points. Furthermore, projection vr gives a 
birational map 

X ■■= TT\g : S S' 

on the general surface S' E | —Kx \ with Du Val singularities (see Theorem l3.24p . The map x is undefined 
exactly at the points from 7 n P, which implies that S* is a partial minimal resolution of S' and x is a 
morphism. 
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Further, projection vr is given by the linear system C <Z \ — Kf>\ of all hyperplane sections of P 
passing through 7. Set €$ '■= C\g and Cs' '■= \ — Kx\\g,- Then we have Cs = X*(^S')) which implies 
equality {L'^)s = {L''^)s' for L ^ Cs and L' G £5/. On the other hand, we have {L''^)s' = {—Kx)^ and 
(L^)g = {-Kpf. Thus, we obtain 

□ 

From Lemma 16.151 we get a contradiction with 64 < (—Kx)^ < 72. 
Now, let us turn to the last case when vr is the projection from a plane. Let 0, be the center of projection. 
Since P C P^^ is an intersection of quadrics, it follows from Lemma 14.101 that P intersects with Q, either 
at ^ 4 points or by an irreducible reduced conic (note again that n P 7^ 0, since otherwise vr is an 
isomorphism, which is impossible because 64 < (—KxY < 72). 

Lemma 6.16. // n P is a finite set, then it consists only of smooth points on P. 

Proof. In the notation of Example 13. 14^ if 0, contains a singular point on P, other than P and Q, 
then X the image of the anticanonically embedded Fano threefold X^q under birational projection from 
some line P. We have Xjq n F 7^ 0, since otherwise vr is an isomorphism, which is impossible because 
(—Kx)'^ < {—Kxjq)'^ (see the proof of Lemma [4. 4p . Furthermore, the line F is not contained in Xjq, since 
otherwise F passes through the non-cDV point on X70 (see Remark 14.151 and Proposition 14. Sp . which, 
as in the proof of Lemma 16.121 gives a contradiction. These arguments imply that P fl X70 consists of 
^ 2 smooth points of Xjq (see Theorem 13. 4p . Then, as in the proof of Lemma 16.151 we obtain that 
{—Kx)'^ = {—Kxjo)^- On the other hand, we have {—Kx)^ < {—Kxro)"^: a contradiction. 

Thus, the set n Sing(P) can contain only P and Q. Then, as in the proof of Lemma 16.121 we get a 
contradiction with Lemma 13.261 □ 

If Q intersects P at ^ 4 points, then it follows from Lemma 16.161 and the proof of Lemma |6. 151 that 
{—Kx)'^ = 72, which is impossible because 64 < (—Kx)^ < 72. Thus, O n P is an irreducible reduced 
conic C. 

Lemma 6.17. The set C D Sing(P) is non-empty and consists only o/cAi points on P. 

Proof Since {-K^ . C)p = 2 and Ow{-Kp) ~ C'p(12) (see [Si Theorem 3.3.4]), for the divisor M on P 
with Op(M) ~ C'p(l) we obtain 

(M -0)^ = 1, 

which implies that the curve C passes through singular points on P. Further, in the notation of Exam- 
ple if C contains either P 01 Q, then, as in the proof of Lemma 16.121 we get a contradiction with 
Lemma 13.261 Now the statement follows from the arguments in Example 13.141 □ 

It follows from Lemma 16.171 that X is the image of the anticanonically embedded Fano threefold Xjq 
under birational projection from some line on Xiq. Then, as in the proof of Lemma 16.161 we get a 
contradiction. Proposition 16. 1 II is completely proved. □ 

Let us now return to the beginning of the present Section. In the case when ~ P^ and i7vi^|^ ~ 

Op2(2) by \22i Proposition 8.7] there exists a birational map W — Wq on a P^-bundle Wq over W'. 
Furthermore, the proper transforms Cwo and Hwo ^0 of linear systems Cw and Ti.w, respectively, 
and the threefold Wq posses the same properties as Cw, 'Hw and W (see (I5.10|) . Remarks 15.81 15.91 and 
EIH). Then again by Lemma O Wo = P{Opi{5) C'pi(2) Opi) or P(C'pi(6) C'pi(2) Opi), and as 
in the proof of Propositions 16.21 16.111 we obtain that the initial Fano threefold X is isomorphic to Xjq or 
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Let us now consider the case when ~ x P^. Then by [321 Proposition 9.2] there exists an 
embedding F over W , where 

4 

F:=F(^), £::=0Opi(d,), 

1=1 

di d2 ^ ds ^ d/i = 0, such that Wri C F^ ~ F'^ is the non-singular quadric. Let M and F be the 
tautological divisor and the fibre of the F^-bundle F — > F^, respectively. Then we have W ~ 2M + rF 
for some r G Z. Furthermore, from [321 Lemma 9.5] and the Adjunction Formula we obtain 

(6.18) -Kw = 2G + {2-d- r)N, 

where G := M\^, N := F\^. 

Lemma 6.19 (see [321 Lemma 9.7]). The inequality d + r ^ 3 holds. 

Proof. If d + r < 2, then the divisor —Kw is ample on the threefold W, and since W has terminal 
singularities (see Remark 15. 8p . it follows from Theorem 13.161 that dim | — Kw\ ^ 34. This contradicts the 
estimate in Remark 15.111 

Now, let d + r = 2. Then we have —Kyy = 2G (see (|6.18|) ). In particular, —K-^ is a nef and big 
Cartier divisor on W . Note that {—KwY 7^ 72. Indeed, since W has Gorenstein terminal Q-factorial 
singularities (see Remark 15. 8p . it follows from [201 Lemma 5.1] that W is factorial. Then by Theorem ll.il 
and Remark 13. 71 is a terminal Q-factorial modification either of F(3, 1,1,1) or of P(6, 4, 1, 1), and hence 
W is isomorphic to one of the threefolds constructed in Examples 13.121 and 13.141 (see Remarks 13.131 and 
I3.15p . On the other hand, we have piW) = 2, which implies that PV^ is a terminal Q-factorial modification 
of F(3, 1, 1, 1). Then W contains a surface swaped by the curves having zero intersection with Kw (see 
Example l3.12p . But this is impossible, since the curves in the fibres of the morphism extvK are numerically 
proportional and have negative intersection with Kw (see Remark 15. 8p . 

Further, since is a weak Fano threefold, from the Riemann-Roch Formula (see [37]) and Kawamata- 
Viehweg Vanishing Theorem (see for example |21] ) we obtain 

(6.20) d\ui\-Kw\ = -]^K^ + 2. 
Then from Remark 15. Ill we get 

(6.21) (-iTvi/)^ G {66,68,70}. 

But the general element in the linear system |G| has Du Val singularities (see for example [38j), and from 

the Adjunction Formula we obtain that {K'q)q = —{—Kx)^- Then it follows from (I6.2ip that {Kq)g Z, 

8 

which is impossible. □ 

Repeating word by word the proof of Proposition 9.4 in [32], from Lemma 16.191 we deduce that there 
exists a birational map ---> Wq on a F^-bundle Wq over W. Furthermore, the proper transforms 
Cwo and Hwo on Wq of linear systems Cw and Hw, respectively, and the threefold Wq posses the same 
properties as Cw, T~(-w and W (see ()5.10p . Remarks 15.81 15.9 1 and 15.11]) . As above, this is enough for the 
proof of Theorem 11.21 in the case when W is a curve. 

7. Contraction to surface 

We use notation and conventions from Section [5l In the present Section we consider the case when 
dimW = 2. 

By [321 Lemma 10.1] the surface W is non-singular and ext^ '■ W — > W is a F^-bundle. Furthermore, 
for the fibre F of the morphism ext^y we have 

{-KwF)^ = 2. 
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This and (jS.lOp imply that Hw G Ti-w and Dw are sections of extw because Hw is ample over W' (see 
Remark l5.9p and ext^^ is a {Kw + -frH/)-negative extremal contraction. In particular, W' is covered by 
irreducible component of the divisor which has negative Kodaira dimension (see Section [5]) . On the 
other hand, it follows from the relative Kawamata-Viehweg Vanishing Theorem (see for example }21]) 
and the Leray spectral sequence that H^{W' ,Ow') = H^{W,0\y) = 0. Thus, we obtain the following 

Lemma 7.1 (see |32|). W is a rational surface. 

Further, by Grothendieck Theorem on triviality of the Brauer group of the smooth rational surface 
(see [9]) we have W ~ ¥{£) for the rank 2 vector bundle 

over W'. Then, since the divisor Hyy is nef on W, from Remark 15.81 and [32\ Lemma 4.4] we obtain 

(7.2) dim\Hw\ + l = h'^{W',£) =x{W',£). 

Proposition 7.3. dim\Hw\ G {32,33,34,35}. 

Proof. According to Remark 15.111 we have dim|ifvK| ^ 32. 

Suppose that diml^/^yl ^ 36. Then it follows from the proof of Proposition 10.3 in [32j that 
W = F(C'p2(3) © Op2(6)) and the image ^^_k^^{W) is the anticanonically embedded Fano threefold 
P(3, 1, 1, 1) C P^^. From Remarks E31 and the assumption 64 < {-Kx)^ < 72 we get that dim^vK G 
{35,36,37} (see ([21])), and hence the initial Fano threefold X is the image of F := P(3, 1,1,1) C P^^ 
under birational projection from a point, a line or a plane. Let vr : P X be this projection. Note that 
by Theorem 13.41 threefold P C F^^ is an intersection of quadrics. 

Lemma 7.4. //vr is the projection from a point, then {—Kx)'^ ^ {66,68,70}. 

Proof. Let O be the center of the projection vr. Then O belongs to P, since otherwise vr is an isomorphism, 
which is impossible because 64 < (—Kx)'^ < 72. Moreover, if O is a smooth point on P, then {—Kx)'^ = 
71, which is also impossible (see (|3.ip ). 

Thus, we have O G Sing(P). Then it follows from the arguments in Example 13.121 that there is an 
exceptional divisor over P with the zero discrepancy and the center at O, which implies that O is non-cDV 
(see for example \24:\ Theorem 5.34]). This contradicts Lemma 13.261 □ 

Lemma 7.5. //vr is the projection from a line, then {—Kx)'^ ^ {66,68,70}. 

Proof. Let 7 be the center of the projection vr. Then 7 intersects P, since otherwise vr is an isomorphism, 
which is impossible because 64 < (—Kx)^ < 72. If 7 contains the singular point on P, then, as in the 
proof of Lemma 17.41 we get a contradiction with Lemma 13.261 

Now, suppose that the set 7 PI P consists only of smooth points on P. Note that the line 7 is not 
contained in P, since the divisor Kp is divisible in Pic(P) (see Example I3.12p . and hence intersects P at 
^ 2 points, since P C P'^^ is an intersection of quadrics. Then the general hyperplane section 5 of P 
through 7 is a non-singular K3 surface. Furthermore, projection vr gives a birational map 

X ■■= vr|_5 : S S' 

on the general surface S' G | — Kx \ with Du Val singularities (see Theorem 13.241) . This implies that S is 
the minimal resolution of S' and x is a morphism. 

Projection vr is given by the linear system £ C | — Kf \ of all hyperplane sections of P passing through 
7. Set Cs '■= and £5/ := | — -fCx||g;- Then we have Cs = X*{^S'), which in particular implies the 
equality {L'^)s = {L''^)s' for L e Cs and L' G Cs'. On the other hand, we have {L''^)s' = {-Kx)^ and 
(L2)5 = {-Kpf. Thus, we obtain 

(-^x)^=(L-),, = (i.^), = 72. 

□ 
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Lemma 7.6. // vr is the projection from a plane, then {—Kx)'^ ^ {66, 68, 70}. 



Proof. Let ft be the center of the projection vr. Then intersects P, since otherwise vr is an isomorphism, 
which is impossible because 64 < (—Kx)'^ < 72. Moreover, the plane $7 is not contained in P, since the 
divisor Kp is divisible in Pic(P) (see Example I3.12p . and hence intersects P either at ^ 4 points or by a 
conic, since P C P^*^ is an intersection of quadrics. 

If intersects P at ^ 4 points, then, as in the proof of Lemmas [73] and [731 either we get a contradiction 
with Lemma l3.26( or we obtain equality {—Kx)^ = 72. 

Now, let S := n P be a conic. Note that the image of the threefold P under the isomorphism 
^l-i^pl is the cone over del Pezzo surface of degree 9 (see Example I3.12p . This implies that j^p|(i?) 
is a generatrix of this cone. In particular, B contains the singular point on P. Then, as in the proof of 
Lemma l7.4i we get a contradiction with Lemma |3.26[ □ 

From Lemmas 1 7 . 4H7. 6 1 we get a contradiction with dim \ H\y\ ^ 36, the assumption 64 < {—Kx)'^ < 72 
and (|3.1|) . Proposition 17.31 is completely proved. □ 

Our next goal is to get a contradiction with (|3.ip . the assumption 64 < (— i^x)^ < 72 and the estimates 
in Proposition 17.31 

Remark 7.7. It follows from [32[ Lemma 10.4] and Lemma [7. II that there exists a birational map W 
on a P^-bundle Wq over a non-singular rational surface Wq without (— l)-curves. Furthermore, the proper 
transforms C\Yo "^Wo ^0 of linear systems Cw and Hw, respectively, and the threefold Wq posses 
the same properties as Cw, T~iw and W (see (IS.lOp . Remarks 15. 8115. 9l and l5. 11]) . Moreover, for the general 
elements H\y S "Hw and i/^yo ^ '^Wo inequality dim|ifi4/| ^ dim|ffvFol holds. Thus, without loss of 
generality one may assume that W ~ P2 or F„ for some n ^ 1. Moreover, by [321 Lemma 10.12] in the 
last case we have n ^ 4. 

For i € {1, 2} set Cj := Ci{£). From the relative exact Euler sequence (see for example fSH, Proposition 
4.26]) we obtain 

(7.8) -Kw^ 2Hw + ext*^{-Kw' - ci) 

on W. From this and the Hirsch formula (see for example [8]), since 0\y{H-\^) is the tautological line 
bundle of W , we obtain 

(7.9) (^w)vy = i^w ■ ext*^{ci) - ext^^ (^2)) and {Hw)w = - C2, 
which implies the following formula 

(7.10) (-K^y)' = 6(i^2^,)^^, + 2cf-8C2. 

Further, by the Riemann-Roch Formula for rank 2 vector bundles over a rational surface we have 

(7-11) Xi£) = \{{cl)w, - 2C2 - {Kw ■ ci)^,) + 2 

(see for example [llj). 

Lemma 7.12 (see [32|). For every nef divisor B on W' , inequality 

[c,-B)^,^?>{-KwB)^, 

holds. 

Proof. Since 

Dw ~ Hw + ext^ ( - Kw' - ci) 
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on W and the linear system | —Kw\ does not have fixed components (see Remark lS.Sp . for the nef divisor 
B on W we have (see fTO]) ) 

+3(( - Kw - ci) -8)^, = 2(ci ■B)^, + 3{{- Kw - ci) -3)^,= 

= 3( - Kw -B)^,- (ci • B)^,. 

□ 

Lemma 7.13 (see [32]). Let B > be a nef divisor on W' such that Kw ■ Dyy ■ ext^(i3) = 0. Then the 
divisor —Kyy is nef on W . 

Proof. Suppose that Z is a horizontal curve on W such that { - Kw Z)^ <0. Then we have 

{Dw ■ Z)^ = {{-Kw-Hw)-Z)^< 0. 

Thus, for the general element L € | — K\y\ we get Z C L n Dw- On the other hand, by the assumption 
the intersection L fi Dw consists of the fibres of the morphism ext^, a contradiction. □ 

Lemma 7.14. The cycle —Kw' + ci is nef on W' . 

Proof. Since the linear system | — Kw \ does not have fixed components and the divisor Hw is nef on W 
(see Remark 15. Sp . for every irreducible curve B on W' we have (see ()7.9p ) 

0^{-KwHw extl,{B))^ = {2H^ ■ ext;,(5))^ + 

(( - Kw - ci) • B)^, = 2(ci • B)^, + {{-Kw-ci)- B)^, = 

= {{-Kw + ci)-B)^,. 

□ 

Lemma 7.15 (see [321 Lemma 10.6]). Let B C W be an irreducible rational curve such that dim \B\ > 
and ~ Opi{di) Opi{d2) for some di,d2 € Z. Then \di — d2\ ^ 2 + {B^)^^^/. 

Proof. Set m := \di — d2\ and G := g^^{B). Then G ~ and for the minimal section h on the surface 
G we have 

(7.16) _ 2 + m = -2 - {h^)^ = {KG-h)^={Kwh)^+{G-h)^ = 

{Kwh)^ + {B')^,. 

Since the linear system | —Kw\ does not have fixed components (see Remark [5. Sp . we have {Kw • h)w ^ 0, 
which implies that m ^ 2 + (B'^)^' . □ 

Proposition 7.17. We have W' ^F'^. 

Proof Suppose that W' = P^. Then we get H^\F'^,Z) ~ Z, z = 1, 2. Thus, one may assume that ci and 
C2 are the integers. Then by Lemma 17.121 we have ^ ci ^ 9. 

Lemma 7.18. Vector bundle £ is indecomposable. 

Proof. Suppose that £ is decomposable. Then £ ~ 0^2(0) © Op2(a + b) for some 6^0. Moreover, since 
the divisor Hw is nef, we also have a ^ 0. 

Further, it follows from the properties of the Chern classes (see for example [7]) that ci = 2a + b and 
C2 = + ab. Then from (j7.1ip we obtain 

X{W', £) = ^ (2a^ + 2ab + 6^ + 6a + 36) + 2. 

According to (j7.2p and Proposition 17.31 we have x{^\£) S {33,34,35,36}. Then it follows easily from 
the estimates a, b ^ and ^ ci ^ 9 that either (a, b) = (2, 4) or (4, 1). 
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Suppose that (a, 6) = (2,4). Then W ~ P(£:')> where 

£' = Ow' ®Ow>{^), 

which impUes that W is the blow up of the vertex of the cone S C P^^ over embedded in P^*^ by the 
linear system 1 0^2 (4) | . Let A'^ be the negative section of W which is contracted to the vertex of the cone 
5. Since ci{£') = 4 > —K\\n = 3, it follows from the formula similar to (j7.8p that 

for every curve Z CZ N. In particular, the surface is a base component of the linear system | — K\y\, 
which is impossible by Remark 15 .Hi 

Now, suppose that (a, b) = (4, 1). In this case we have equality ci = —ZKy^ri. Then it follows from the 
proof of Lemma 17.121 that 

{-Kw -Dw ■e^tw{B))w = ^ 

for every curve B on the surface W . Then by Lemma 17.131 the divisor —K^ is nef on and hence W 
is a weak Fano threefold because —K^r is also big by Remark 15.91 On the other hand, for (a, b) = (4, 1) 
we have C2 = 20, and from ()7.10p we obtain that {—Kw)^ = 56. Then form the Riemann-Roch Formula 
(see |37] ) and Kawamata-Viehweg Vanishing Theorem (see for example [21]) we get 

dim I - = -^^w + 2 = 30, 

which contradicts the estimate in Remark 15.111 Lemma 17.181 is completely proved. □ 

Remark 7.19. The arguments from the proof of Proposition 10.3 in [32] imply that if ci = 9, then the 
vector bundle £ is decomposable. Thus, by Lemma [7. 181 we have ^ ci ^ 8. 

Lemma 7.20. The number ci is even. 

Proof. Suppose that ci is odd. Then from Remark 17.191 we get ci = 2m — 3 for some 2 ^ m ^ 5. 
Further, since by (|7.2p and Proposition 17.31 we have x{W,£) G {33,34,35,36}, from (j7.1ip we obtain 
that 2m^ — 3m — C2 ^ 31. Then it follows from the properties of the Chern classes (see for example [7]) 
that 

ci{£{—m)) = —3 and C2{£{—m)) = C2 — + 3m ^ m^ — 31 < 0. 
On the other hand, from the Riemann-Roch Formula (see (j7.1ip ) and Serre Duality we obtain 

h^{W',£{-m)) +h°{W',£{-m)®det£{-my 0Ow'{-^)) ^ x{W,£{-m)) ^1, 

which implies that H^{W',£{-m)) / because det£^(— m)* ~ 0]v{3). 

Let s G (W' ,£{—m)^ be a non-zero section and Z C W the zero locus of s. Since C2(£'(— m)) < 0, 
we have dimZ = 1 (see [8j). Take the general line F C W = P^ and set k := (F • Z)^i. Since 
ci{£{—m)) = —3, it follows from the properties of the Chern classes (see for example [7]) that 

£{-m)\^ = Opi{k) e Opi(-/c - 3). 

On the other hand, by Lemma 17.151 we have 2A; + 3 ^ 3, which implies that A; = and Z = 0, a 
contradiction. □ 

It follows from Lemma 17.201 and Remark 17.191 that ci = 2m — 2 for some 1 ^ m ^ 5. Further, since by 
(17:2]) and Proposition [73] we have x{W, £) E {33, 34, 35, 36}, from (1711]) we obtain that 2m^ - m - C2 ^ 
32. Then it follows from the properties of the Chern classes (see for example [7]) that 

ci{£{—m)) = —2 and C2(f (— m)) = C2 — m^ + 2m ^ m? + m — 32 < 0. 
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Now, as in the proof of Lemma 17.201 there exists a section s G H^{W' ,£{—m)) with the one-dimensional 
zero locus Z C W. Take the general line T cW = F'^ and set k := {T ■ Z)^!. Since ci{£{-m)) = -2, it 
follows from the properties of the Chern classes (see for example [7J) that 

£{-m)\^ = Opi (A;) e 0^i{-k - 2). 

On the other hand, by Lemma 17.151 we have 2A; + 2 ^ 3, which implies that A; = and Z = 0, a 
contradiction. Proposition 17. 171 is completely proved. □ 

Proposition 7.21. For n G {0, 2, 3, 4}, we have W / F„. 

Proof. Suppose that W = F„, where n G {0,2,3,4}. Then we get F4(F„,Z) ~ Z and H'^{¥n,Z) ~ 
Z • /i © Z • L Set ci := ah + bl, C2 := c, where a, 6, c G Z. Then by Lemma 17.121 we have 

(7.22) ai^3{- Kw ■l)y^r, = G and b 3{ - Kw ■ {h + nl))^, = 3{2 + n). 

Moreover, a ^ and b ^ na, since the divisor Hw is nef on W. 

Let p, q be the integers such that a = 2p + a' and b = 2q + h' for some a' ,b' ^'L with —2 ^ a' ,b' ^ — 1. 
Consider the twisted vector bundle £' := £ ® O^^ {—ph — ql) and set c[ := Ci{£'), i = 1,2. Then it follows 
from the properties of the Chern classes (see for example [7]) that 

(7.23) c'l = a'h + b'l and c'2 = c + nap — aq — bp — np^ + 2pq. 
Further, from (j7.1ip we obtain 

(7.24) x{W, £) = -Kia{a + 1) + ab + a + b - c + 2 
and 

(7.25) x{W', £') = {b' - ^na'){a' + I) + a' - ^ + 2. 
Lemma 7.26. //n = 0, then ^ < and x{W',£') > 0. 

Proof. By (f7:22|) we have ^ a, 6 ^ 6. Further, from ([7:23]) and ^L2^i we get 

c'2 = c-aq-bp + 2pq = ^ab + a + b- xiW, £) + 2 + ^a'b'. 

According to (j7.2|) and Proposition 17.31 we have xiW',£) G {33,34,35,36}. Then it is easy to see that 
c'2 < when either a or 6 is less than 6. Moreover, for all ^ a, 6 ^ 6 and xi^\ £) S {35, 36} we also 
have C2 < 0. 

Now, let a = & = 6 and x(^\£) ^ {33,34}. Then ci = 6/1 + 6Z = —3Kwi, and it follows from the 
proof of Lemma 17.121 that 

for every curve B on the surface W. Then by Lemma 17.131 the divisor —Kw is nef on W, and hence W 
is a weak Fano threefold because —Kw is also big by Remark 15. 9i On the other hand, from ()7.24p we get 

xiW',£) =ab + a + b-c + 2. 

Then for a = 6 = 6 and xiWj£) ^ {33,34} we obtain that c G {16,17}. This and ()7.10p imply that 
{—K\y)^ G {64, 56}. Now, form the Riemann-Roch Formula (see ^7]) and Kawamata-Viehweg Vanishing 
Theorem (see for example [21]) we get 

dim\ -Kw\ = -^K'^ + 2^ 34, 

which contradicts the estimate in Remark 15.111 
Thus, c'2 < 0. Further, from (j7.25p we obtain 

xiW',£') = b'ia' + l)+a' -c'2 + 2. 

Since —2 ^ a',b' ^ —1 and c'2 < 0, we have x{Wi£') > 0. Lemma [7.261 is completely proved. □ 
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4 ^ -^a^ + 6a + 14 - x{W',£) - \a'^ - a' ^ 32 - x{W,£) - Ja'^ - a' ^ -1 - ^a'^ - a' < 0. 



Lemma 7.27. Ifn = 2, then ^ < and x(W', £') > 0. 

Proof. By (f7:22|) we have 2a ^ 6 ^ 12 and ^ a ^ 6. Further, from (17:23]) and (TTMI) we get 

4 = c + 2ap -aq-bp- 2p^ + 2pq = -^a^ + ^ab + b - x{W' , £) + 2 - ^a^ + ^a'b'. 
According to (I7.2p and Proposition 17.31 we have xiW^^) ^ {33,34,35,36}. Then 

4 ^ -^a2 + 6a+14-xO 
Further, from (j7.25p we obtain 

xiW',£') = (6'-a')(a' + l) + a'-c'2 + 2. 

Then x{W,£') ^ only for a' = -2, b' = -1 and c'^ = -1 because -2 ^ a', b' ^ -1 and c'^ < 0. But in 
this case we have 6 ^ 11, which imphes that 

-1 = 4 ^ -ia2 + ^a + 12-x(H^',^) < -1, 
a contradiction. Thus, xiW,£') > 0. Lemma [7.271 is completely proved. □ 
Lemma 7.28. If n = 3, then ^ < and x{W, £') > 0. 

Proof. According to ()7.22p . we have 3a ^ 6 ^ 15, which implies that ^ a ^ 5. Further, from ()7.23p and 
([7:2i]) we get 

3 11 3 1 

(J^ = c + 2,ap- aq-bp- 3p^ + 2pq = --a^ + -ab - -a + b- x{W' , £) + 2- -a'^ + -a'b'. 

By ([73]) and Proposition O we have xiW',£) £ {33,34,35,36}. If xiW,£) G {34,35,36}, then for 
3a ^ 6 ^ 14 and ^ a ^ 5 we get 

3 13 3 

4 ^ -^a^ + -a + 16 - x{W', £) - -a'^ -a' ^29- x{W\ £) < 0, 

and for 6 = 15 and ^ a ^ 5 we obtain 

4 = -^a^ + 7a + 17 - x{W',£) - ^a'^ - ^a ^ 33 - x{W',£) < 0. 

If x{W, £) = 33, then for 3a ^ 6 ^ 14 and ^ a ^ 5 we get 

4 ^ + Ha - 17 - -a'^ + -a'b' ^ --a^ + - 15 - -a'^ < 0. 

4 

Now, x(^' = 33 and let b = 15. Then it follows from the proof of Lemma 17.121 that 

{-KwDwe^tl,{B))^ = Q 

for the curve B ^ h + 31 on the surface W = F3. Then by Lemma 17.131 the divisor —Kw is nef on W, 
and hence is a weak Fano threefold because —Kw is also big by Remark 15.91 Then by Theorem 13.181 
the divisor -Ky/' is nef on W' = F3, a contradiction. 
Thus, c'2 < 0. Further, from (j7.25p we get 

X{W',£') = {b' - \a'){a' + I) + a' - 4 + 2. 

Then xi^\ £') ^ only for a' = —2 because —2 ^ a', 6' ^ — 1 and c'2 < 0. In particular, a must be even. 
If a' = -2 and b' = -2, then x{W, £') = -!- ^ and 

4 = -^a' + ^ab-^a + b- xiW, £) + 1. 
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On the other hand, since a and b are even, we have a ^ 4 and 3a ^ 6 ^ 14, which implies that 

3 n 13 

Co ^ --a^ + — a - 18 < -1. 

Thus, for a' = -2 and 6' = -2 we have x(l^',^') > 0. 

Now, let a' = -2 b' = -1. Then x{W,£') = -2 - c'2 and 

4 = -^«' + ia6 - ia + 6 - x(^', f ). 

On the other hand, since a is even, we have ^ a ^ 4. Then for 3a ^ 6 ^ 13 we get 

3 3 
C2 ^ --a^ + 6a + 13 - x{W' , £) ^ --a^ + 6a - 20 < -2, 

which impHes that xi^'^^') > 0- Furthermore, since b is odd, for 6 > 13 we have b = 15. Then, as 
above, we obtain that —Kw is nef on W' = F3, a contradiction. 

Thus, x{Wj£') > 0- Lemma [Y. 281 is completely proved. □ 

Lemma 7.29. If n = A, then C2 < and x{W',£') > 0. 

Proof. According to (|7.22p . we have 4a ^ 6 ^ 18, which imphes that ^ a ^ 4. Further, from (j7.23p and 
IFlM^ we get 

c'2 = c + Aap -aq-bp- 4^^ + 2pq = -a^ + ^a6 - a + 6 - £■) + 2 - a'^ + ^a'6'. 

By (I72D and Proposition O we have G {33,34,35,36}. If 6 ^ 17, then for ^ a ^ 4 we get 

c' ^ + - 14 - a'^ + -a'6' ^ -c? + —a - 14 - a'^ - a' < 0. 
2 2 2 2 

Now, let b = 18. Then it follows from the proof of Lemma 17.121 that 

{-KwDw^^i*^{B))^ = ^ 

for the curve i? ~ /i + 4/ on the surface W = F4. Then by Lemma 17.131 the divisor —Ky/ is nef on W , 
and hence is a weak Fano threefold because —K\y is also big by Remark 15.91 Then by Theorem 13. 181 
the divisor —K\\n is nef on W' = F4, a contradiction. 
Thus, c'2 < 0. Further, from (j7.25p we get 

X{W', £') = {b' - 2a'){a' + 1) + a' - c^ + 2. 

Then xiY-, ^ only for a' = —2 because —2 ^ a', b' ^ —1 and C2 < 0. In particular, a must be even. 
If a' = -2 and b' = -1, then x(W', £') = -3 - c^ and 

4 = -a^ + ia6 - a + 6 - x{W' , £) - 1. 

Since b is odd, we have 4a ^ 6 ^ 17. Then for ^ a ^ 3 we get 

C2 ^ -a^ + y a - 17 < -3, 

and for a = 4 and 4a ^ 6 ^ 16 we get 

C2 ^ -54 + 36 < -3, 

which implies that x{Wi > 0- Furthermore, for a = 4 and 6 = 17 the cycle —Kw+ci = 6/i+23/ is not 
nef on W = F4, which contradicts Lemma 17.141 Thus, for a' = —2 and b' = —1 we have xi^' > 0- 
Now, let a' = -2 and b' = -2. Then x{W,£') = -2 - c'2 and 

c'2 = -a' + \b-a + b-x{W',£). 
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For 4a ^ 6 ^ 16 and ^ a ^ 4 we have 

C2 ^ -c? + 7a - 17 < -2, 

which implies that x(l^'i^') > 0. Furthermore, for 6 > 16 we have h = 18, since b is even. Then, as 
above, we obtain that —Kw/ is nef on W' = F4, a contradiction. 

Thus, x(l^'i^') > 0. Lemma [7.291 is completely proved. □ 

Lemma 7.30 (see ^32* Claim 10.18]). Inequality H^{W',£') ^ holds. 

Proof. Suppose that H°{W',£') = 0. Then it follows from Lemmas E26H729] that H'^{W',£') / 0. 
Furthermore, by Serre Duality we have 

H^{W',£'y ^H^{W',£'* (^Kw) ^H^{W',£' ®del£'* ®Kw')- 

But 

(det £'* ® Kw'T = Ow {{a' + 2)h + {b' + n + 2)1) , 
which implies that H^(W', (det £'* Kw')*) / 0, a contradiction. □ 

Let s G H^{W' ,£') be a non-zero section (see Lemma l7.30p and Z C W the zero locus of s. Since 
C2 < (see Lemmas I7.26t47l29]l . we have dimZ = 1 (see [8j). Put Z ~ qih + q2l. It follows from the 
properties of the Chern classes (see for example [7]) that 

£'l = Opi{qi)®Opi{a' -qi) 

for the general curve / G |/| on the surface W. Then by Lemma 17.151 we have 

2qi - a' ^ 2, 

which implies that qi = because qi ^ and a' ^ —1. Thus, the zero locus of s is contained in the fibres 
of the P^-bundle W = ¥n ^ F^. In particular, we have 52 > 0. On the other hand, it follows from the 
properties of the Chern classes that 

(7.31) ^'1^, = Opi(g2)eOpi(6'-g2) 

for the general curve I' € \h + nl\ on the surface W. Fix a point ^ V and the local coordinate i in a 
neighborhood £ U C W such that the equation t = to for fixed to £ C determines the fibre of the natural 
morphism U cW Then, since (ci(f'))|j, = ci (£:'],,) = 6' < and hence H^{r, Oi,{ci{£'\^,))) = 0, 

and Z ~ q2l, the section s\^, of £"'1^, on U Hi' is determined as the set of pairs (t", t'^), for some a, /3 G N, 
when t runs through U Hi'. This and (|7.3ip imply that 

2^2 - ^ aq2 + /3(g2 - b') = 0, 
which is impossible because 52 > and b' ^ —1. Proposition 17.211 is completely proved. □ 

From Remark 17. 71 Propositions 17. 171 and [7l2T] we obtain that extw : W — > W can not be a contraction 
onto a surface. Together with the results of the previous Sections, this completes the proof of Theorem 1 1.21 

8. Fano threefolds of degree 64 

We use notation and conventions from Section [3l In the present Section we will prove Theorem 11.71 
So, now X is a Fano threefold with {—Kx)^ = 64. 

Let / : Y — > X be a terminal Q-factorial modification of X and ext : Y — > Y' a Xy-negative 
extremal contraction. It follows from Theorem 13.161 that to prove Theorem 11.71 one may assume that 
dimy' 7^ 0. Then by Remark 13.111 and Theorem 13.171 we have X ^Y, p{Y) > 1 and dimy' ^ 2. 



Proposition 8.1. If dim Y' = 2, then X is isomorphic to one of the cones from Examples \1.4l \1.5l 
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Proof. It follows from Theorem 13.181 that ext : Y — > Y' is a P^-bundle such that the divisor —Ky' is 
nef and big on the non-singular surface Y' . Then by Grothendieck Theorem on triviality of the Brauer 
group of the non-singular rational surface (see [9j) we have Y = ¥{£) for some rank 2 vector bundle £ 
over Y' . 

Lemma 8.2. IfY' does not contain (—l)-curves, then X is isomorphic to the cone from Example \1.4\ 

Proof. Since —Ky is nef and big on Y', we have Y' = or x F^, or F2. 

Suppose that Y' = P^. Then we get H'^'^{Y' ,'L) ~ Z, i = 1, 2. Thus, one may assume that ci(f) and 
C2{£) are the integers. Moreover, if ci{£) is even, then it follows from the properties of the Chern classes 
(see for example |7J) that one may assume that Ci{£) = 0. In this case from (j7.10p we obtain 

64= (-Ky)^ = 54-8c2(0, 

which implies that C2{£) = —5/4 ^ Z, a contradiction. 

Now, let ci{£) be odd. Then it follows from the properties of the Chern classes that one may assume 
that ci{£) = —Kyi, which implies the equality —Ky = 2D on Y , where D is the tautological section of 
the P^-bundle ext : Y — > Y' (see (17. Sp ). From the Adjunction Formula we obtain 

-Kd^D\j^, 

and since {—Ky)^ = 64, we have K'j^ = 8. On the other hand, D ~ P^, a contradiction. 

Suppose that Y' = F^ x F^ . Then we get H^{Y' ,1) ~ Z and H'^{Y','L) ~ Z • Z • L This implies 
that ci{£) := ah + hi and C2{£) ■= c, where a, b, c & Z. Moreover, if a or 6 is odd, then exactly as in the 
proof of Proposition 5.2 in [32] we get a contradiction in this case. 

Now, let a and b be both even. Then it follows from the properties of the Chern classes that one may 
assume that ci{£) = -Kyi, which implies the equality —Ky = 2D on Y, where D is the tautological 
section of the P^-bundle ext : Y — > Y' (see (j7.8p ). Note that the morphism / : Y — > X contracts a 
divisor, since otherwise X has only terminal Gorenstein singularities and Theorem 13.161 implies that X = 
Y = P^, which contradicts our assumption. Furthermore, it follows from the equalities ci{£) = —Kyi, 
—Ky = 2D and (j7.9p that the /-exceptional locus Ej is horizontal with respect to ext. Moreover, from 
the Adjunction Formula 

-Kd ~ D\j^ 

and an isomorphism D ~ pi X Pi we obtain that either Ej (Z D oi Ej r\ D = Since by Kawamata- 
Viehweg Vanishing Theorem H'^iY.Oy) = 0, the restriction H'^{Y,Oy{D)) H^{D,Od{D)) is surjec- 
tive. This implies that the linear system \D\ gives a birational morphism with exceptional divisor Ef 
mapping Y onto the cone in P^ over anticanonically embedded P^ x P^, and contracting Ef into the 
vertex. Thus, X is isomorphic to the cone from Example II. 4[ 

Finally, suppose that Y' = ¥2. Then, as above, we have ci(f ) := ah + bl and C2{£) ■= c, where a, b, 
c € Z. Let us consider the case when o and b are both even (cases of the other parities of a and b are 
treated in exactly the same way as in the proof of Proposition 5.2 in [32j). Then, as above, one may 
assume that ci{£) = —2h — 21. From ()7.10p we obtain 

64= (-i^y)^ = 48 -8c, 
which implies that c = — 2. Further, from ()7.1ip and Serre Duality we get 

/i°(y', £) + h^{Y\ £ (g) det r ® ujy>) ^ ^(((2/1 + 2lf)y, - 2c + 2{Ky, ■ {h + l))^) + 2 = 2, 

and since det^"* (g) wy/ ~ C'y/(— 2/), this implies that H^{Y',£) / 0. 

Let s G H^{Y',£) be a non-zero section and Z C Y' the zero locus of s. Since C2 = —2, we have 
dimZ = 1 (see ^). Put Z ^ qih -\- q2l. It follows from the properties of the Chern classes (see for 
example [7]) that 

^|^ = Opi(gi)eOpi(-2-gi) 
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for the general curve I G |/| on the surface Y'. Since the hnear system | — Ky\ is base point free on Y 
(see Remark 13. 8p , as in the proof of Lemma 17.151 we get 

2gi + 2 ^ 2, 

which imphes that qi = because qi ^ 0. Thus, the zero locus of s is contained in the fibres of the 
P"^-bundle y' = F2 — > P^. In particular, we have q2 > 0. On the other hand, since ci(£'|^,) = —2 for 
the general curve /' G |/i + 2/|, as in the proof of Proposition 17.211 we get 2q2 + 2 ^ 0, a contradiction. 
Lemma 18.21 is completely proved. □ 

Lemma 8.3. IfY' contains a {—l)-curve, then X is isomorphic to the cone from Example \1.5[ 

Proof. It follows from [32, Lemma 5.16], Theorem 13.181 and Remark 13.71 that Y' = Fi. Then we get 
H^{Y', Z) ~ Z and H^{Y', Z) ~ Z • /i Z • /. This implies that ci(f ) := ah + hi and C2{£) := c, where a, 
b, c ^"L. Moreover, if a is odd and b is even, then, as in the proof of Lemma 18.2^ one may assume that 
ci{£) = —h. Then from (j7.10p we obtain 

64= (-Ky)^ = 46-8c, 

which implies that c = —9/4 ^ Z, a contradiction. 

Now, let a be even and b odd. Then, as in the proof of Lemma l8.21 one may assume that ci{£) = —Kyi. 
In this case, arguing exactly as in the proof of Lemma 18.21 and substituting x P^ with Fi, we obtain 
that X is isomorphic to the cone from Example 11.51 

Finally, suppose that a and b are both even. Then, as in the proof of Lemma 18.21 one may assume 
that ci{£) = -2h - 21. From (fTTU]) we obtain 

64= (-Ky)^ = 56-8c, 
which implies that c = — 1. Further, from (17. lip and Serre Duality we get 

h^{Y',£) + h^{Y\£ ®dei£* ®ujY') ^ ]^{{{- 2h - 2lf)y, - 2c + 2{Ky' ■ {h + l))y,) + 2 = 2, 

and since det £* ® ujyi ~ Oy'(-0, this implies that H^{Y',£) / 0. 

Let s £ H^{Y',£) be a non-zero section and Z C Y' the zero locus of s. Since C2 = —1, we have 
dimZ = 1 (see [8J). Put Z ^ qih + q2l. It follows from the properties of the Chern classes (see for 
example [7]) that 

= Opi(gi)eOpi(-2-gi) 

for the general curve I £ \l\ on the surface Y' . Since the linear system | — Ky\ is base point free on Y 
(see Remark 13. 8p , as in the proof of Lemma 17.151 we get 

2gi + 2 ^ 2, 

which implies that qi = because qi ^ 0. Thus, the zero locus of s is contained in the fibres of the 
P^-bundle y' = Fi ^ P^. In particular, we have q2 > 0. On the other hand, it follows from the properties 
of the Chern classes that 

£\^,=Opi{q2)eOpii-2-q2) 
for the general curve I' S |/i + / | on the surface Y'. Then, as in the proof of Lemma 17.151 we get 

2^2 + 2 ^ 3, 

which implies that ^2 = 0, a contradiction. Lemma 18.31 is completely proved. □ 

Lemmas 18.21 and 18.31 prove Proposition 18.11 □ 

According to Proposition 18. H it remains to consider the case when the contraction ext : Y — > Y' is 
birational. Let E be the exceptional divisor of ext (see Theorem I3.19P . 
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Proposition 8.4. In the above assumptions, if Y' is a weak Fano threefold with terminal factorial 
singularities, then X is one of the following: 

• the image of the anticanonically embedded threefold P(3, 1, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(3, 1, 1, 1); 

• the image of the anticanonically embedded threefold IP(6,4, 1, 1) C F^^ under birational projection 
from the tangent space at a smooth point on P(6,4, 1, 1); 

• the image of the anticanonically embedded threefold Xqq C under birational projection from a 
singular cDV point on Xqq. 

Proof. By Remark 13.71 threefold Y' is a terminal Q-factorial modification of some Fano threefold X' . 
Denote by /' : Y' — ^ X' the corresponding crepant morphism and let Ef be the /'-exceptional locus. 
Further, the anticanonical linear system | — Kx' \ gives an embedding of X' in P^' +^ such that the image 
X2g'-2 ■= '^\-K^,\iX') is an intersection of quadrics (here g' is the genus of X'). In what follows, we 
assume that X' = X2g'-2 C P9'+^ is anticanonically embedded (see Section H]). 

Lemma 8.5. If ext{E) is a point, then X is one of the following: 

• the image of the anticanonically embedded threefold P(3, 1, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(3, 1, 1, 1); 

• the image of the anticanonically embedded threefold P(6,4, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(6,4, 1, 1). 

Proof. Since {—Ky')'^ > {—Ky)'^ by Lemma 14.41 and terminal Q-factorial modifications of P(3, 1, 1, 1), 
P(6,4, 1, 1), XjQ and Xqq are non-singular (see Remarks 13.91 13.131 13.151 and Lemmas 14.121 [6T6]) . it follows 
from Theorems 1 1 . H [L2] and [3 . 1 9 1 that ext is the blow up of the smooth point ext(£') on Y' . This implies 
that 

Ky = ext*{Ky,) + 2E 

on Y, (^E^^y = 1 and hence {—Ky/)^ = 72. Then by Theorem 11.11 and Remark 13.71 threefold Y' is 
a terminal Q-factorial modification either of P(3, 1,1,1) or of P(6,4, 1,1). Then, as in the proof of 
Lemma |4.2( we obtain that ext(E) D Ef = and the map p : X' X is given by the linear system 
I — Kx' — 2/'(ext(£'))| (see (14. ip ). This gives the projection from the tangent space at the smooth point 
/'(ext(£^)) on X'. Since X' is an intersection of quadrics and {—Kx)^ = 64, p is birational. 

Conversely, it is easy to see (see for example [291 Section 7]) that the projection from the tangent space 
at a smooth point on X' = P(3, 1, 1, 1) or P(6,4, 1, 1) leads to a Fano threefold X with {-Kxf = 64. 
Lemma 18.51 is completely proved. □ 

Now, let C := ext(i?) be a curve. Since {—Ky)^ > (—Ky)^ by Lemma 14. 4| as in the proof of 
Lemma [4.2| from Theorems II. II and II. 21 we obtain that X is the image of X' = P(3, 1, 1, 1) or P(6, 4, 1, 1), 
or Xyo, or Xqq under birational projection from the linear space V such that dimy ^ 3 and V cuts out 
the scheme f'{C) on X' . 

Lemma 8.6. In the above assumptions, we have X' ^ P(3, 1, 1, 1), P(6, 4, 1, 1) and Xjq. 
Proof. Suppose that X' = P(3, 1, 1, 1). Then dimF = 3, which implies that 

{-Kx'-f'{C))^,^A, 

since X' is an intersection of quadrics. As in the proof of Lemma 14.61 we obtain that f'{C) is a curve 
which passes through the singular point on X' . On the other hand, as in the proof of Lemma 14.61 we 
have Efi n f'{C) = 0, a contradiction. 

Now, suppose that X' = P(6,4, 1, 1). Again, since dimF = 3 and 

{-Kx'-f'{C))^,^A, 
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as in the proof of Lemma 14.71 we obtain that f'{C) is a singular cDV point on X'. 

Thus, we are led to the case when X' = Xjq and dimF = 2 (see Proposition 14. 5p . It follows from 
Lemma 13.261 and Proposition 14.81 that the set f'{C) = V D X' consists only of smooth points on X' . 
Moreover, since X' is an intersection of quadrics, the set V (1 X' consists either of ^ 4 points or of a 
conic. But in the last case from Remark 14. 151 and Proposition 14.81 we get that V DX' contains the unique 
non-cDV point on X', which contradicts Lemma [3.26[ Thus, the set VCiX' consists of ^ 4 smooth points 
on X'. Then, as in the proof of Lemma [6.151 we get 64 = {—Kx)^ = {—Kx')^ = 70, a contradiction. 
Lemma 18.61 is completely proved. □ 

It follows from Lemma 18.61 that one must have X' = Xqq and F C X' is a point. Moreover, y is a 
singular point on X' , since otherwise {—Kx)^ = 65, which is impossible. 

Lemma 8.7. In the above assumptions, threefold X' contains a singular cAi point. 

Proof. Threefold X' as a toric variety (see Remark 16. 7p is given by the fan T, C N (g)^ M ~ M'^, generated 
by the vectors 

ei := (-1,0,0), 62:= (1,-1,0), 63 := (-1, -1, 2), 64 := (-1, -1, 3), 65 := (-1, 2, -1) 

in A'^, where := is the standard lattice in (see [25]). Then the affine T- invariant cover of X' is 
determined by decomposition of T, into the following cones (see for example [6j): 

Si :=< 61,62,63 >, 1:2 :=< 61,63,64,65 >, 1)3 :=< 62,63,64,65 >, S4 :=< 61,62,65 > . 

Calculating the volume of corresponding simplex, we obtain that Si determines a singular chart U^-^ 
isomorphic to C^/fi2 (see for example [H 2.6.2] and [6l 2.2]). Note that singularities of the threefold X' in 

C/si are non-isolated, since otherwise X' has unique non-gorenstein singularity in U^^ of type -(1, 1, 1), 
which is impossible. Thus, we have 

[/s, ~Cx (CV/U2), 

and hence threefold X' contains a singular cAi point. □ 

Lemmas 13.261 13.271 and 18.71 imply that X is the image of X' under birational projection from the 
singular cDV point V on X' . This and Lemma 18.51 prove Proposition 18.41 □ 

It follows from Proposition 18.41 and Corollaries 13.201 13.231 that to the threefold X one can apply the 
construction from Section [5l Thus, we obtain the pair {W,H]y) with the (Kw + -ffM^)-negative extremal 
contraction ext^^ : W — W to a lower-dimensional variety W' (we use the notation from Section [5]). 
Furthermore, for W all the conditions from Remarks 15.81 15.91 are satisfied, and, as in Remark 15.111 we 
get the estimates 

(8.8) dim | — Kyy\ ^ dimCyy = dim | — Kx \ = 34 and dim \ Hw\ ^ 31. 

If dim W = 0, then 1^ is a Q-Fano threefold, and it follows from |32l Proposition 7.2] that dim \—Kyy \ ^ 
34. This and (j8.8p imply that | — K\y\ = Cyy. Thus, we have X = W = Y, which contradicts our 
assumption. 

Proposition 8.9. If dim W' = 1, then X is one of the following: 

• the image of the anticanonically embedded threefold P(6, 4, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(6,4, 1, 1); 

• the image of the anticanonically embedded threefold Xqq C P^^ under birational projection from a 
singular cDV point on Xqq. 

Proof. Let us use the notation from Section [6l We consider the case when Wrt ~ P^ and Owr,iHw\y^ ) - 
Op2(l) first. It follows from (|8.8p and the proof of Lemma l6.ll and Propositions 16. 2} 16. IH respectively, 
that X is one of the following: 
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• the image of the anticanonicahy embedded threefold P(6,4, 1, 1) C P^® under birational projec- 
tion; 

• the image of the anticanonicahy embedded threefold Xqq C P^^ under birational projection. 

Lemma 8.10. If X is the image of the anticanonically embedded threefold P(6,4, 1,1) C P'^^ under 
birational projection, then X is the threefold constructed in Lemma \8.5l 

Proof. Set P := P(6, 4, 1, 1) C P'^^ and let vr : P X be the given projection. Let us denote also by V 
the center of the projection vr. 

Since dim V = 3 and P is an intersection of quadrics (see Theorem 13. 4p , it follows from Lemma 14.101 
that V intersects P either at ^ 8 points or by a curve of degree ^ 4 (note that V n¥ ^ ij}, since otherwise 
TT is an isomorphism, which is impossible because {—Kx)^ = 64). Moreover, if 1/ n P is a curve, then, as 
in the proof of Lemma 18.61 we get a contradiction. 

Suppose that F n P is a finite set. Then, as in the proof of Lemma 16.161 y PI P consists only of smooth 
points on P. Furthermore, if the scheme K fl P is reduced, then, as in the proof of Lemma 16.151 we 
get that {—Kx)^ = 72, a contradiction. Now, if the scheme y H P is non-reduced, then, since P is an 
intersection of quadrics, V coincides with the tangent space at a smooth point on P. Lemma 18.101 is 
completely proved. □ 

Now, as in the proof of Proposition 18.41 we obtain the following 

Lemma 8.11. If X is the image of the anticanonically embedded threefold Xqq C P^^ under birational 
projection, then X is the threefold constructed in Proposition \8.4\ 

Lemmas 18.101 and 18.111 prove Proposition 18.91 in the case when ~ P^ and Owr,{IIw\^ ) - Op2{l). 
Furthermore, the case when Wrj ~ P^ and Owr,{IIw\^ ) — C^p2(2) is treated in exactly the same way as 
in Section [6l 

Finally, in the case when Wrj ~ P^ x P^ , as in Section [6l it is enough to prove Lemma 16.191 under 
assumption that {—Kx)^ = 64. It follows from the proof of Lemma 16.191 that one should only exclude 
the case when is a weak Fano threefold with {—Kw)^ = 64 and —K]y = 2G on W. But in this case, 
(|6.20p and (18. 8p imply that C\y = \ — K\y\- On the other hand, since p{W) = 2, the negative section of 
the P^-bundle F containing is a curve. Then the equality —Ky/ = 2G implies that 'Pcw • ^ — ^ 
is a small contraction such that Kw = ^*^^[Kx) on W, and hence X has only terminal Gorenstein 
singularities. Then from Theorem 13.161 we get that X = Y = P^, which contradicts our assumption. 

Proposition 18.91 is completely proved. □ 

Proposition 8.12. If dimW = 2, then X is one of the following: 

• the image of the anticanonically embedded threefold P(3, 1, 1, 1) C P^^ under birational projection 
from the tangent space at a smooth point on P(3, 1, 1, 1); 

• the cone from Example \l-4\ 

Proof. Let us use the notation from the Section [71 
Lemma 8.13. One of the following holds: 

• <l].m\Hw\ G {31,32,33,34,35}; 

• dim|//vi/[ ^ 36 and X is the image of the anticanonically embedded threefold ¥{?>, 1,1,1) C P^^ 
under birational projection from the tangent space at a smooth point on P(3, 1, 1, 1). 

Proof. According to (18. 8p . we have dimli^pi/j ^ 31. Further, if dim|i7iy| ^ 36, then, as in the proof 
of Proposition 17.31 the initial Fano threefold X is the image of the anticanonically embedded threefold 
P := ^|_A'vi^i(^y) = P(3, 1, 1, 1) C P^^ under birational projection from a linear subspace V C P^^ with 
dim V = 2>. 
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If diml/ nP > 1, then, since P is an intersection of quadrics (see Theorem 13. 4p . P contains a hne. But 
this is impossible because the divisor Kp is divisible in Pic(P) (see Example 13. 12p . 

If dimT/ n P ^ 1, then, as in the proof of Lemma 18.101 we obtain that V coincides with the tangent 
space at a smooth point on P. □ 

Recall that by Remark 17.71 one may assume that W' = P2 or F„ with ^ n / 1 ^ 4. 

Lemma 8.14. // dim G {31, 32, 33, 34, 35}, thenW'^F"^. 

Proof. Suppose that W' = F^. Let us use the notation from the proof of Proposition 17.171 
Suppose that the vector bundle £ is decomposable. We have 

X{W,£) E {32,33,34,35,36}, 

and if xiW^ > 32, then, as in the proof of Lemma [7.18t we get a contradiction. Now, let x(W^'; ^) = 32. 
Then we have 

2a^ + 2ab + + 6a + 3b = 60, 

where a, 6 ^ and ^ 2a + 6 ^ 9. The direct substitution implies that under these conditions the above 
equality is never true. Thus, £ is indecomposable. Then, as in the proof of Proposition 17. 171 in this case 
we obtain 

ci{£{—in)) = —2 or — 3 and C2{£{—m)) < 
for some m E N. Now, as in the proof of Proposition 17.171 we get a contradiction. □ 

Lemma 8.15. If dim \Hw\ E {31,32,33,34,35} and W = Fq, then X is isomorphic to the cone from 
Example \1.4\ 

Proof. Let us use the notation from the proof of Lemma 17.261 We have 

xiW,£) E {32,33,34,35,36}, 

and if xiWi ^) > 33, then from the proof of Lemma 17.261 and the arguments at the end of the Section [7| 
we get a contradiction. 

Further, if a or 6 < 6, then for x(W' ■• ^) ^ {32, 33} we have 

4 = + a + 6 - x{W\ £) + 2 + ^a'b' < 0. 

Moreover, in this case xi^\£') > (see the proof of Lemma l7.26p . Then from the arguments at the 
end of the Section [7] we get a contradiction. 

Now, let a = 6 = 6. Then, as in the proof of Lemma 17.261 we obtain that is a weak Fano threefold 
with {-Kwf E {64, 72}. But the case {—Kw)^ = 72 is impossible because otherwise by Theorem 11.11 
and Remarks 13.71 13.131 13.151 one must have p{W) = 2 or 5. On the other hand, we have p{W) = 3, a 
contradiction. 

Finally, in the case when {—Kw)^ = 64 from the Riemann-Roch Formula (see [37]), Kawamata- 
Viehweg Vanishing Theorem (see for example [2T]) and (|8.8p we obtain that | — Kw\ = Cw, which 
implies that is a terminal Q-factorial modification of X (see Remarks 13.71 and 13. 8p . Then, as in the 
proof of Lemma 18.21 we obtain that X is isomorphic to the cone from Example 11.41 

Lemma 18.151 is completely proved. □ 

Lemma 8.16. // dim |iJvK| G {31, 32, 33, 34, 35}, thenW'y^¥2. 

Proof. Let us use the notation from the proof of Lemma 17.271 According to the arguments at the end of 
the Section [3 it is enough to prove that x(^\£') > and c'2 < 0. 
We have 

X{W',£) E {32,33,34,35,36}, 

and if xi^'i^) > 32, then, as in the proof of Lemma 17.271 we get what we need. 

33 



Now, let x{W, S) = 32. Then we obtain 

Co = --a^ + -a6 + 6 - 30 - -a'^ + -a'b', 
^ 2 2 2 2 

where ^ a ^ 6, 2a ^ 6 ^ 12 and —2 ^ a', 6' ^ — 1 are the integers. 
If 6 ^ 11, then we have 

Co ^ --a^ + — a - 19 - + -a'b' ^ -4. 
^ 2 2 2 2 

Now, let b = 12. Then for a ^ 4 we have 

Co = --a^ + 6a - 18 - -a'^ - a' < 0. 
2 2 2 

Further, for a G {5, 6} from (TTMl) we get that C2(£') € {17, 18}. Then from (fTTOl) we obtain 

(8.17) (-E:iy)^ = 48 + 2((a/i+12/)^)^, -8c2(£^) = 48 + 4(-a2 + 12a) - 8c2(^) ^52. 

On the other hand, it follows from the proof of Lemma 17.121 that 

for the curve ~ /i + 2/ on the surface W' = ¥2- Then by Lemma 17.131 the divisor —Kw is nef on W, 
and hence 1^ is a weak Fano threefold because —Kyy is also big by Remark 1 5. 9 i This and (|8.17p . as in 
the proof of Lemma 16.191 imply that dim | — Kw\ ^ 28 (see ()6.20p ). which contradicts the estimate in 

(USD. 

Thus, c'2 < 0. In particular, x{W,£') ^ only for a' = —2, b' = —1 and c'2 = —1 (see the proof of 
Lemma l7.27p . But in this case we have 6 ^ 11, which implies that 

1 , 11 
-1 = c'2 ^ --a^ + —a - 20 < -1 

a contradiction. Thus, xiW^^') > 0- Lemma [8.161 is completely proved. 

□ 

Lemma 8.18. //dim I G {31, 32, 33, 34, 35}, then W ^¥3. 

Proof. Let us use the notation from the proof of Lemma 17.281 According to the arguments at the end of 
the Section [71 it is enough to prove that x{W,£') > and c'2 < 0. 
We have 

X{W',£) G {32,33,34,35,36}, 

and if xi^' ^ ^) > 32, then, as in the proof of Lemma 17.281 we get what we need. 
Now, let x{W,£) = 32. Then we obtain 

C2 = --a + -ab - -a + b - 30 - -a + -a b , 

where ^ a ^ 5, 3a ^ 6 ^ 15 and —2 ^ a', 6' ^ — 1 are the integers. 

If 6 = 15, then, as in the proof of Lemma 17.281 we obtain that the divisor —Ki^' is nef on W' = F3, 
which is impossible. Further, for 6 ^ 14 we have 

Co ^ --a^ + —a - 16 - -a'2 + -a'b' ^ -3. 
^ 4 2 4 2 

Thus, C2 < 0. In particular, xiW,£') ^ only for a' = —2 (see the proof of Lemma [7.28p . which implies 
that a is even. 

Let b' = —2. Then for a' = —2 we get x(^\ = ~1 ~ On the other hand, we have b ^ 14, which 
implies that 

, 3 p 13 

Co ^ -tO H a - 17 < -1 

4 2 
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for ^ a ^ 4, and hence xiWi^') > in this case. 

Now, let b' = —1. Then for a' = —2 we get xO^'j^') = ~2 — Cg. On the other hand, by the above 
arguments we have b ^ 13, which imphes that 

3 

Co ^ --a2 + 6a-19< -2 
^ 4 

for ^ a ^ 4, and hence xiW ^ > in this case. 

Thus, x(l^'i^') > 0. Lemma [8. 181 is completely proved. □ 

Lemma 8.19. // dim |i?vi/| e {31, 32, 33, 34, 35}, then W'^^ ¥4. 

Proof. Let us use the notation from the proof of Lemma 17.291 According to the arguments at the end of 
the Section [Tl it is enough to prove that x{W ■, > and C2 < 0. 
We have 

X{W,S) G {32,33,34,35,36}, 

and if x^W > 32, then, as in the proof of Lemma 17.291 we get what we need. 
Now, let x{W,£) = 32. Then we obtain 

4 = -a^ + ]^ab - a + 6 - 30 - a'^ + 

where ^ a ^ 4, 4a ^ 6 ^ 18 and —2 ^ a', b' ^ —1 are the integers. 

If 5 = 18, then, as in the proof of Lemma 17.291 we obtain that the divisor —K\^i is nef on W = F4, 
which is impossible. Further, for 6 ^ 16 we have 

4 ^ -a^ + 7a - 14 - a'^ - a' ^ -2. 

Now, let b = 17. Then we have 

Co = —a H a — 13 — a a . 

2 2 2 

The direct substitution implies that C2 < for a 7^ 3. If a = 3, then c'2 = 0. 

Thus, c'2 ^ 0. In the following we will show that < 0. But first let us prove the inequality 
x{W, £') > 0. Since c'2 ^ 0, x{W, £') ^ only for a' = —2 (see the proof of Lemma r7.29p . which implies 
that a is even. 

Let b' = —1. Then for a' = —2 we get x(^') £') = ~3 — C2. On the other hand, by the above arguments 
we have 6 ^ 17, which implies that 

1 15 

4 = -a^ + -a6 - a + 6 - 33 ^ -a^ + y a - 16 < -3 

for even ^ a ^ 3. Further, for 6 ^ 16 and a = 4 we have 

c'2 = -53 + 36 < -3. 

Finally, the case a = 4 and 5 = 17 is impossible (see the proof of Lemma l7.29p . Thus, for a' = —2 and 
b' = -1 we have xiW,£') > 0. 

Now, let b' = —2. Then for a' = —2 we get x{Wy£') = ~2 — Cg. On the other hand, by the above 
arguments we have b ^ 16, which implies that 

c'2 = -a^ + ^a6 - a + 6 - 32 ^ -a^ + 7a - 16 < -3 

for ^ a ^ 4, and hence xiW i £') > in this case. 

Thus, x{Wj£') > 0- III particular, as in the proof of Lemma [7.30^ we have {W , £') 7^ 0. Now we 
are ready to exclude the above case when a = 3, 6 = 17 and c'2 = 0. 
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Let s G H^{W' ,£') be a non-zero section and Z C W the zero locus of s. Since C2 = 0, either 
dim Z = 1 or Z = (see [8] ) . But in the first case from the arguments at the end of the Section [7| we get 
a contradiction. Thus, s does not have zeroes on W', and we get the following exact sequence 

^ Ow ^£ ^ Ow'i^h + 171) 0, 

since ci{£) = 3h + 171 and C2{£) = 0, where Ow' £ is the multiplication by s (see [8]). This implies, 
since the divisor h + IIZ is ample on W' = F4 by the Kleiman's criterion for ampleness (see for example 
[2H Theorem 0-1-2]) and hence 

H\W', Ow'i-3h - 171)) ~ H\W', Ow'{h + 111)) = 0, 

that r has a section. Thus, we have £ ~ Ow' © Ow'{3h + 171) and W ~ F{Ow' © Ow'{3h + 171)) is 
the blow up of the vertex of the cone 5 over F4 embedded by the linear system \3h + 17l\ (note that 
the divisor 3h + 171 is ample on W' = ¥4 by the Kleiman's criterion for ampleness, and since W is a 
non-singular toric surface, this divisor is very ample (see for example [6j)). 

Let N be the negative section on W which is contracted to the vertex of the cone S. Since 

Kw'+ci{£) = h + lll 

is an ample divisor on W' = ¥4 by the Kleiman's criterion for ampleness, it follows from the formula 
similar to (|7.8p that 

on W for every curve Z C N. In particular, the surface is a base component of the linear system 
I — Kw\, which is impossible by Remark 15.81 Lemma 18.191 is completely proved. □ 

Lemmas KTSl KM KTEl KM KTEl and KW prove Proposition \8J2[ □ 

Theorem 13.161 and Propositions 18.11 18.41 18.91 and 18.121 prove the first part of Theorem 11.71 

Corollary 8.20. Let X be a Fano threefold from Theorem If X ^ P'^, then the singularities of X 
are non-cDV. 

Proof. Theorem 13.161 and [24' Corollary 5.38] imply that the cones from Examples 11.41 and 11.51 have 
non-cDV singularities. In the remaining cases one has the commutative diagram 

X" 



X' ^X, 

where X' = P(3, 1, 1, 1) or P(6, 4, 1, 1), or Xge, tt is a birational projection, a is the blow up of a cDV 
point on X' and r is a crepant morphism. In particular, threefolds X' and X" are isomorphic near 
their non-cDV points (see |191 Corollary 1.7]), which implies that singularities of X are non-cDV (see for 
example [211 Theorem 5.34]). □ 

Theorem 11.71 is completely proved. 
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